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1.1 O0O0000oon

Keywords; 000000000000000O0O0O0O0O0O0OOOOOOOOOO
O0Euler00000000O0DOODOOOODOODDO Cauchy-Riemann 0 OOO0ODOO
gobooboogbooon

1.1.1 JOogooood

»»=-1000000 0000000 (imaginary unit) 0000000
(complex number) : 00000000 2,y00000:0000

z=x+1y

gbobobooodgobobod

00000000 10000000000000000 (real axis) DO OO
(imaginary axis) 0 0000000000000 2000000 10000000
000000000 (complex plane) 00000000 (Gaussian plane) O
goo

00000000 0000000000 |2/[000000 20000 (absolute
value, modulus) 00000 0000000000000 0000 argz000
00 (argument) 0000000000000 400000000000000O
gobbbbbougoooobbbbbodoooooobbobboooooon
000000000000 (conjugate) 0O DOOOO
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1.1.2 0OO0Oodog

00000000000000 0000000 f(,)00000000000
gboooooooood

(1) f(z) = 22 (2) 00000 (power function) f(z) =
n

(3) D OO (polynomial) apz" + a1 2" M+ ..+ ay,

(4) OO0 (rational expression) (000)/(0oo)

(5) 0O O (irrational expression) VZ, 23

(6) OO0 (exponential function) ; 000000000

1 [e.e] n
e=l+z+-224+..=% > v:000000
2 = n!

(7) 0000 (trigonometric) ; 0000000

I = s 5 IR N Gt O S T
e R R D DY ;e 1T

1 1 (1)
cosz = 1_222+@Z4_"':Z(2n? ,2n

00000000000600000 1000400000000
000:0000 r=2/000600 z=re? 00000

(8) OO ODO (logarithmic function) ; OO0 00000000 D0OO0O0O0OOOO
e=z20000

Inz=In(e") =w
000020 Euler DO0O0O00O0ODO z=|z|expliargz) 0000000
w = ln“z]exp(iargz)} =lIn|z| +iargz

000000 argz00 27 0000000000000 0O0O0 (—m,7 O
00000000000 (principal value) 000 Argz00000000
argz =Argz+2mm (n=0,+£1,£2,.) 000 m 00000000000
000000 (many valued) 000000

(9) 0000000 ;a,:€CO000
a®* =exp(zIna) = exp [z (In]a| +iarga)

000000000000000(e™)2#e**= 000000000



1.1.3 U00oooouooud
0000 f(2) (00 f,2,A2e€ C)0D000 (derivative) 00O
fz+Az) = f(2)

Az—0 AZ

(1.1)

gbobobodo
Az:rewDDDDDDDDDDlir%DDDDDAzDDDDDD CANRRANENEN

OooO0oDOo0o0oboo0oooboooebOoOonoOO hm gobooboboogob

000 f(:») 0 00000 (dlfferentlable)DDDDDDDD (domain) (OO
000)DcCODO000 € D0 f(:)00000000000f(2)0 DOO
0000 (regular, holomorphic) DO OO0OO0O

1.1.4 0000000000 (Cauchy-RiemannOO0)
0000 z=2+4y (z,y c R)OODOO0O0OO0DO f(2)00
f(z) = f(x,y) = ulz,y) +iv(r,y)  woveR

0000000000
(i) Az=AzeRODOOO

(L1000 = lm u(z + Az, y) — u(z,y) L Z_v(x + Az, y) —v(z,y)
Az—0 Ax Az
ou . Ov
" oo (12)

000 (i) Az =iAy (Aye R) 0000

11000 = Jm |[“@yFay)—ul@y)  oly+Ay) = u@y)
’ Ay—0 ZA:I/ ZAy
0 0
= i3, 3, (1.3)

00000 f(z)0 :0000000(1.2)=(1.3)000

au_av aQ Ou_ ov

% = 3y 9y~ on (14)

0000000000000 Cauchy-Riemann 0O (Cauchy-Riemann re-
lation) 00 OO

000000 u(z,y), v(z,y) 0 Cauchy-Riemann 00 000000000000
O f(>»)00000000000000000w,»000000000u/0x,du/dy,...
goooooon

dula,y) ., Oulz.y)

o o Ay + o(Az, Ay)

w(z + Az, y + Ay) = u(x,y) +

3



O00000000(1.1)0 A0000000000000f(»)0000000OO
gobooo

O00Az=Az+:Ay00000O

(11)000 = Jim |“EHATY+AY) —ulwy)  vl@+ Azy+ Ay) = v(@,y)
Az—0 Az Az

O0dooogooogooooonoouoouooogogno
u(z,y) + (Ou/0x) Az + (Ou/0y) Ay — u(x,y)

O00 = lim
Az—0 Az
. (Ou/0x)Az — (0v/0x) Ay
= lim
Az—0 Az
000 = lim 0Y/0R)AT+(Ov/y)Ay . (00/0z)A + (Qu/0r) Ay
Az=0 Az Az—0 Ax
goooono
(L1000 = lim (Ou/0x)(Ax +iAy) + (Ov/0x)(iAx — Ay)
Az—0 AZ
o ((Oufow) +i(0v/02)) Az ou  ow
- Agllo Az - % 2875
ao.d

flz]2 Yz | flgz) | Rez | |27
f]22] -1/22 | fl9()g'(z) | ——— | ===

]2|2:x2+y2D u::l:2—|—y2DDD v =000 00 Cauchy-Riemann [J
000000

1.1.5 000U

2 52 52 52
Y Y Y _00oooo

hv-Ri Ooo00 (1.4)00 = = ==
Cauchy-Riemann (1.4) ox2  Oxdy  Oyor oy

oodod wOd
o
or?  Oy?
Oo0dooooooo «00ogoo
82v+82v_0
ox?  Oy?

000000000000 200 Laplace0 OO (Laplace equation) 00 OO
00002000000 (harmonic function) 00 0000000000000
O0000 200 LaplaceD 00000 0ODO0ODODOODOOODOOODOODOODO
OoOodob2000b00bob0o0b0ooboooobooboboooboooo
oo@ooono)



1.1.6 0OOOO

0000 f(»)000000 0000000 w=f() 0000 (mapping) O
gddodoboooduoououdodoz0odooouooootwodo
godotudotdtzzudbotdooootuootooooouoooooooouoao
00 «0000000000000000000000000000 (conformal
mapping) 0 000

00 1.1 f(2) 0000000000 f(z)00000w=f(:)000000000

0o:
0 = arg Azy —arg Az, ¢ = arg Aw, — arg Aw.
ooo
d d
Awy = f(z+ Az) — f(2) = dJZCAzl, Awy = dJZCAzQ.

00000 df/dz #0000

¢ = arg (jﬁA@) — arg (jﬁAa)

d d
= argd‘i—i-argAzg —arng; —arg Az =0

gagonb

01.0 w=2%2=2>—y*>+i2zy
02.0 w=4/z
03.0 w=Inz

1.2 0000000 CauchyO DO O

Keywords; 00000Cauchy 00000000000 0Cauchyd D000 OTaylor
O00Lawent 0000000000 Liowille 0000000000000 000000
0000000000

1.2.1 0O0O0O0O0

00 CO0000000 f(:»)00000

/C fe)de= dm 3 Sz — zi)

n—00 ;
lzi—zi1|—0 =1
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00000000000000000C00{C:z=2(s),s€[0,1]}00000
000000000

/Cf(z)dz = /Olf(z);lzds

OoO000oOo0o0oooo0OoDbo0ooboo0oOooDbO0 AoOoD BODOO
OOoDoOobOoocboonoo

00 1.2 (Cauchy0OOO0O) f(,)DO0O0D0D0O0O (simply connected domain)D [J
ooooooboboo pooobooooobocooog

7{0 f(z)dz=0

gobo

011 f(:»)000000 DOOOODOOOOOODOODOODOODOOOODDOD AODOO B
oooooooboooooooooob c,ooo c,obooo

/C1 f(z)dz = /02 f(z)dz

OQd:

/01 f(Z)dz—/ f(z)dz = /C1 f(z)dz+/02 f(z)dz = 740102 f(z)dz =0

gooo

0000000 f(2)00000 (indefinite integral) F'(z) O F(z):/ f(zhdz' O
0
gobodbgoboobooobooobboobboobboobboobobon

O0O00000D0000D0200 StokesDODOOODOOOOO

00 1.3 (200 StokesO00O0) COODODODDODRO COODODOOOOODODOOO

//R <_gz + 2}2) dedy = ]{C(udx + vdy)

Ood:

oooocooooc, 0000, 00O000oooon Cu:y:yu(x)
(x1 <2 <x9),Cy:y=w4(r) (11 <2x<z) 000000000000
00oo0C=C,—C, 0000

ou(z,y) 2 vu(@) Ou
——Ldmiz/ m/ 94
/L dy = ) Mmﬁyy




= [ defue. (@) — ule. o))
= /Cuu x,y dx—/(}du(x,y)dx: —ygjd_cuu(x,y)dx: —y{}udx

/@ M@—fmy

gooo

goon

Cauchy O OO OQOQOOO
goooooo

%ngz)dz _ 72[u(x,y)—%iv(m,yﬂ(dx-+idy)
= é(udx —ody) + 1 %(vdx + udy) (1.5)

(1.5) 0 Stokes 000000000

%Cfdz // <_8y_&E>dxdy+i//3<_(’8)z+gz>dxdy:

O0O0000000 Cauchy-Riemann OO OOOOOO
god

0 1.2 (MoreraO00) 00000 DOOOOOOOD f(:)00D0000000O0
CDDDfjwmzzommmmﬂ@DDDDDDDDD
C

goo

00 1.4 (Cauchy 00 000) f(:) 000000 DO0OODOO0O0O0O0O00O00D f(2)

0
ﬂ@=] ¢f@dg (1.6)

2mi Jo ( — 2
ooodooooooco 000000000 pOoOoOoooon

gboboboooobbbuooobbbuooooboood

Od:
C,0000000 pO000O00O0C0D0O0OCauchyD OOOOOOO

Q) . fQ
]{C*C—zdg_ c, (—z

O00000f(-)0000000p0000000000000 €e>0

d¢

0000|f(¢)—f(z)|<eDDD0ODO0O000COC, 0000000000
f(¢) z) o Q= f(z)
Cp(—zdc_ cpC—de‘_’% (—z d(‘
(€)= f(2)] _
< fc,,](||dg| f|dC| 2me



elp—-0000000000000ODOOOODODO

fim 4 29 q¢ = tim ﬂ@dCIfQNM1 e = omif(e)

r—0Jc, ¢ — 2 r—0Jc, ( — 2 r—0Jc, ( — 2

O000(6) 0000000 gooo

Oo0CcOo0000O00o0OdO f)oboooooooooocooooooo
00 f(:))0000 (1.6)000000000000000O0ODOOOO

N (s
f<z>—2m;g(c_z)2d<

000000000 f(:»))0CO000000000000000O000000ORO
gooo

fe) = ot f (Cff))n“dc

©2mi

gobbbodooooobobbbbbuoooooobbobobbbodooooon
gboboboggobobogan

0 1.3(000000) f(»)000 DO0ODOOOD0DO00000000O0OOOOOOO
If(z)|0 POOD0O0O0O00O0OO0OOOOO000000

0o:
(000D0)0000000 2=20000 |f(z))=MO00000
gbooodaog

1 Q) 1 M 1 M
- d<—f Al = — Zomr =M
1 (z0)l QWij{C'g—ZO ¢ 2 c](—zo|’ <l or
goobodd gooo

0000000000000000000000 (entire function) 0000

0 14 (Liowville 00 0) DO00O0O0O0OO0OOOOOO

Ood:
Cauchy DO O OQOOOOOODOOO cOO0OO

f@) = g §, 2

" 2mi Jo (2 — a)?

000 CO«00000000-00000f(:)000000000
0-0000|f(z)|]<MO00MO0000000

L /()] 1M
!
|f(a)|<% C|Z_a‘2|dz| <§ﬁ27ﬂ“—>0 (r — o0)
0000000000 f(a)=00000000000000 f(2)0
0o ogood




e—000: OO0DOOOUODODOOODOOOOOODDOODOOO
Oe—-4600000D000O0DOOODOOO

lim f(x) =0

r—a

000z —ae000f(x)00000000000000e—-60000

O00e>00000x—al<é000 |f(x)—bl<eOO
OoOooésboOonDOoOO

Do0oD000ooood
Ve>000000%:|zx—a|<d=|f(x)—bl<e

gooboogon

00000000000000 {z,:n=1,2,3,..}0n—o000 al
00000000

lim z, = a
n—oo

Ve>0000O00N:n>N=|z,—a|<e¢

oboobon

1.2.2 Taylor 0 0O Laurent [ [

Taylor O O

0000 f(»)0 2=e000000020 f(:)0000000000«00CO
O00000D0p<|n—a00000000«00000D00DO0 pO0O0O0C,000
0000000000000 f(:)0000000CauchyDODOODOODO C,00

oo0o 000
1
(2) 2mi Je g—<<)zd<

00000¢0C,0000000|(z—a)/((—a)|<100000001/(C—2)0

1 1 1 1

(-2 (—a—(2—a) (—a ;_Z—0
(—a

1 zZ—a z—a\’
+(—a+<g—a> + ...

1
(—a




O00000(z—a)/((—e) 00000000000 O0DODODOODOOOODOODODOO
(absolutely convergent)D 00000000000 (uniformly convergent)
000000000000000000000f(;»)000000 C,00

f(z) = 1 f(C)ngrZ—'a?{C(f(O dc+(2—é)2?§ f(©) ac + .

2mi Jo, ( —a 271 ¢ —a)? 2 Je, ((—a)3
! 1 I 2 > f(n)(a) n
- @)+ @)= a)+ o+ = S )

O000000000000000 Taylor OO (Taylor expansion) 0 00000
00000000 |z —a/0000Taylor 00000000000 (analytic) O
O00Taylor 000000000000 (analytic function) 0000000 “0
070 “000”b0000oboboooon

Laurent O O

OO0 Taylor OO0 O0O0O | —a|000000000000OO0O0O0OOOO f(2)
0:=¢0000000000 Taylor0O0OO0O0O0OOO0O0O0O0OOOOO f(2)00O
gbbobuoooobbbuooobbboooobbboooobbbooagd

f(zx)00e0D0ODOODODOOO GO0 C,00000000000000000O
OOoodbDz0Ci0c,000000Db00Db0ObD 000 C,0c,00000€0
00000 C;00000CanchyD000000O00DODOOOOO f(2)O0D0OO
gboobodgo

_ ! f©Q .1 f(¢)
1) = omi C3C—zd _ZWij{:l—CzC—zdg
_ 1 f(©) 1 f(©)
= amife -2 amide -
D000C,000|C—a|>|z—a/000000
1 1 1 1 1 X (z—a
C—z:C—a—(z—a):C—ail_Z_a:C—a.T;(C—a)
(—a

0000000C,000(¢C—a|<|z—ae0000

<1z:‘<z—a>i<<—a> :‘zia'i@:;b)n

n=0

O000000000000000 f:)O0oDDOooo0oOoooooo

f(z)= z:ocnz—a —I—Z

(1.7)

z—a)
O0000¢,00 ¢, O
1 £(¢) R O (S

= g b TG -y

211 Co

10



O000000O0(1L.7) 000000000000 Laurent O (Laurent expan-
sion) 000Lawrent 00000000 p<|z—a/<ROODOODOOOOOO
OoobobobobouoboooobobobuobooboobUobObLaurent O
goboo

Laurent 000 0000¢, 000000000 (holomorphic part)OJc_, 00
0000000 (principal part) 0000 0000000000000

f(z) = i cn(z —a)”, Cp = 1?2 &dc

n=—00 B 2mi (C - &)nJrl

00000000000 cOo0Cc,00000 f(:)00oopoooooooooo

1.2.3 00000000

O0000MO0O00000000000 (TaylorOO0)OOOOOOOOO
0o0dooooooobmooogooonoooooboboboboboobooooon
0o

0000 f(-)00000000000 (zero point) D0 OO f(a) =000 0
O0Taylor 00000 ¢o=00000f(2)0 «0000O00 TaylorO OO

f(2)=culz —a)" +cppa(z —a)" ™ + ... = (z —a)"g(2)

) = 3 crvnlz = )"

O000000ae0 fO0nDO0O (n-thorder) DOOOOO0

00 1.5(00000) f(z)0¢(:)000 PO0000OO0OO0O0O000O0f0¢0000D
000000e«0000'0000000{z}0000000020000 f(2), g(2)0
pOoOoO0oO0ooO0o0ooon

go:
h(z)=f(2)—g(z)0000A(2) 0000 h(z) =0000 h(a) =00
O000z=aO h(z) 000000000000 nOOOOOOOOO

h(z) = (z — a)"¢(2); d(2) =cn+cpyr1(z —a) + ...

D000z=a0000hA(z)#00000000000 h(z)=000
000000000 ¢ #0000-,000000000000000
000000n0000¢=00000000000000 h(z)=0
000000000000000000000000000000D
000 h(z)=00000 0000

!0 0000 AOOOO (accumulation point, limit point) 00 0«000000000
0000 A00D0000000D0O000000000O000000AO0OO0DDOO «ODO0DOOO
00 {zn:2, #a,n=1,23,...,} 000000

11



1.3 000

Keywords; 00000000000000000OOOOO Weierstrass-Casorati 0
ooobobooboo

1.3.1 00O

0000 f(-)00000000000 (singularity) 0000000 2 =a 00
O000000000000< |z—al<d0 f(z)0D0DOO0O0DDODOOODODOOOODOO
(isolated singularity) 00000000000 (i) D0000000 (removable
singularity)O (ii) 0 (pole)d (iii) 0 00 O O (essential singularity) O 3O
0000000 (00oooooooU0UoooooDooooOoooooooDoon)

f(x))000000 «00000 Laurent 00O 0O

()=t (ZC__Z)?’ + (20:2)2 + (cha) +co+ci(z —a) + ca(z — a)® + ...
oo

ERERE

gooo

(i) ooooooOg: ooooooOoOd

sin z 22 24

0 _ 1 _Z =
f(z) = . =1 3!+5!+...

(i) J: 00000000000c,#0000000k0n0000ae0n0
000000r=10000000000000z—a000 |f(2)] — coO

OoOd
goon
00 (k <n)
lim (z —a)*f(z) =4 c.n#0 (k=n)
o 0 (k>mn)

000z=a0 f(z)0 0000000

(iii) 00000: 00000000000000z—e000 |f(2)0000
00000000

00 1.6 (Weierstrass-Casorati 00 ) o0 f(2)00000000000000OO0OO
a0000000 {2z} (klirnzk—a>DDDDDDDDDDDDDDDDDDDwDDD

0 f(z) ~w00000000000|f(z%) —co0000000000

goo

12




0.0 f(z)=exp(l/2) 00000
-5 (5)
— n!

UbO00=00000000

e {)0000000000000000 {x} (% >0)0000
0ooo

f(xx) = exp(1/zy) — o0
¢ {)}0000000000000000 {—2} (z>0) 0000
oood
f(=zx) = exp(—1/x) — 0

e 00000 w=r0000002, =1/(Inr+4(0+27k)) 0
0000z —0(k—oo)0000

f(z) = exp (Inr + (0 4 27k)) = exp(Inr + i0) = re? = w

1.3.2 [0O0O

0<l|z—a|<d00O0O00 f(2)0 «00000O Laurent 0 OO

o0

fe)= > alz-ay

n=—oo

00000c, 0 f(2)0 2=a000000 (residue) 0000000 Res(a: f)
00000000000000000000000000

00 1.7(0000) 0000 f(»)0000CO000n0000000 ay,as, ...

goboboooogoon
1 n
2 S (212 = 3 Res(ans )

gooo

Oo0d:

Cy0q000000000D00D0ODOO00ODO0ODO0ODO0e,0000
OO000DbO000 CauchyOOODOODOOOO

1 L |
27m%Cf(z)dz:’;::12mf0kfZdz

O00000f(:)0e 0000000

io: bE(z — ap)"

n=—oo

13




OOooobc,oOO0o0n
1 1

—% f(x)dz = — Z bk% (z —a)"dz

2m Joy, 211

1
= — Z bk/ re™ire’dz = bv* | = Res(ax; f)

271

n=—oo

00000000000000000000 z—a, =re?, dz = re?idd
ooooQd oooog

00 1.1 f(z)00«000000

(i) «000O000O Res(a; f) = lim(z — a) f(2)

(i) «a0mOO00D000 Res(a; f) = ! hdeJ«%ﬂWﬂ@)
T (m— 1) F=a dgmel

0oooooo

0oo

D1DL/ 2% &z (¢>0)0000000000000000
co I ‘i‘CL2
00DO0O |

DDDDDDRe/ ﬁdzDDDDDDDDDDDDDDDDD
DDDDDDZ:—O;CLD =+ 100000000000000
0 —e*/2ia 0 e7%/2ia 000000 C;0000 —ROO ROOOO
o000 c,0b0000b00b0ob00 ROOODbUODOobOOooDbOoD
ooboobooboorbO0oObOo0ObO0ObLOODDOODOOD
Cc=0C,+C, 00000000 z=00000000O0O0O0OOCO

gbooooobbobuoobon

eiz e @ e @
= 2m = 1.
7{cz2+a2dz m<2ia> W( a ) (18)

gboboobuoooobbobooogon

00 /R G G (1.9)
= —dax —az .
~-R 2%+ a? Cy 22+ a?
O0dooobooooooooonod R—ooOoooooooaoo
O0000000000oooo |z|looog

M

<7
|22

1
22+ a?
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000 M(>00000000000000000000000O00
gboooogn

<)

= e,

C,0000000z=RHM 000000 200 #00DO0ODOOO

eiz
—dz

22

eiz
- dz
z¢+a

12

—dz
/02 22 4+ a?

000 | = <M

Cy

T eiRcosOfRsinH ' 0
|jooo| < M 2020 iRe"”df
0 et
© ,—Rsinf M m/2 .
- M/ ¢ - d9:2§/ e~ Tsind g
0 0

goooooog
T 2 .
96[0,2} 0000 —0<sinf<40; (Jordan O O O 0O)
T

gbooboooon

M 2 oy M m "R
|DDD|<2§/0 eHITag =2 T (1—e M) =0 (R—o0)

(199000000000 R—-x O0O0OODODOOOOODOOOO
0000000 (18)ODpoooooooooo

o cosx ™
5 de:—
—c0 T+ a ae?

gooo

O1.0A00O0DOO0O0DO000O00bOD0oooooooobooooOoo
gboboooodn

00000 22 00 2= —ia0 2 = +ie000000
22 + g2

000000 —cos(—ia)/2ia O cos(ia)/2ia OOOOOOO
0000 COO0Db000000z=+e«00000000

gdd
oS 2 .cos(ia)
———dz =2
fcﬁ—l—a?z ™ %4
O0o0dooooDb c,0b0ooobdd R—ooOOD0O0OO
gooooooooboooo

€r = =

/OO COS T mcosia  mwcosha
—00 T2 + a? a a

googd

0D2.000000000 (1) / dr =" (2 /Smxdx:
—o0 2+ a? |a| o
T

2
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1.4 00000 Riemann [

Keywords; Riemann 000000000000 000O000O00OOOOOOOOO
gobooboobooooboon

1.4.1 0O0O0OU

Ood p,00booogonD f,000 D,0b00000b0D0 AOODOODOD?2
oooo b,0 p,oboobobooobobooD, 0 by0oboboooboo
ooodb, 0 D,0000nD DynD OO AD fpbOO000OOOOO

fi(z) = fo(z);  2€DyND,
OO0O00oOo0oog fo

| fol?) if z € D,
f@y_{ﬁ@) if 2 € D,

O00000D=D,UD, 000000 fO0000000000%, (000 f)
0 DOO0OOO0O (analytic continuation) J0” 00000000000 00O0O
O0000O0O0O0O0O0DOD0OD0OOD fh(r)DOOODDODDOOOOD fi(x)0000
gbooboogooboood

ooooooobooon f0000 AO0O0O0OODOODOOOOO 200000
goo

.OOD0OD0OD0OD (DO00DD0DO0DO0oooooooon)
O00ay € D,00OO0O0O fob0 Taylor 00 OODOO0ODODOOO DO DyO0OO
Ooobooooooboboooboob AODLDODO0OD fbO DyuD,OOOO
o000 AD0O00D00D00OD000Oeq, eD,000000000000O0 D,OOOO
OO0 £0000000000000O000DO0000DOO0OOO0O0ODOODOOODOODO
00 fO0000000000000000O00O000O00000000O0O (direct
analytic continuation) 0 00000000 f0000000000OOOODOO
fO00000 (function element) 00 000000000000 0O0O00OO0O0O
000000000000000000000000000000000 (natural
boundary) OO0 000000000000 OOOOOOOCOOOOOOOOOO
OO000b00O000000bO0bO0b0obO0oU0obOO0ooOOoDOoDbDOobDOobOO

00000000 f,0000000000000000000000
D,0000000000000000Dy={z|z/<2}000000
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0z:=-1€D, 00000000 (2+1)0000 TaylorOQOQOOO
000000z=(x+1)—-10000000

(2+H—1+{@+1%4} N ;§i< —1>

+

Il
N = N = N =
NE
NE
E

folz) = 92 923

1@ymlﬂ4ﬁ* PRV ST [C

k=0 n:k

gbbobuooobbbuooobbbuoooobood

=1 24 .. = n
1= +x+ "+ Zx

D000 ADOO0OO0O0OO
dk 1 00 dk [e’s) 0 n

- (—) = = —1)...(n—=k+1)a" "% = k! n—k
i () = 3 e = S ookt =13 ()

000000000000000000000000000000 k!/(1—
)l 0oooooo

f0(2>:;i(z_’_1>k2—k <§>k+1 Z<z+1> = f1(2)

k=0

00 A00000 Dy ={z|2+1/<3}0000D, 0000000

In.gooooooobood

O.00000 foO

172\ 1 1 1
=533 =37 a2

n=0

gbbboodd=200000000000000000

1.4.2 Riemann/[]

OO0 D0 D;0000000020000 ADODO BODOODOODOODODOO
00D, 0000000D00DO0OD fbO0D,0000D000O0O0O0ODOO /40 AD
Oo000f,0 DouD, 0000000000 ODOOO00OO0O BO fbO AODODO
O0do0ooooobooobooobooDb fOBOO200000D00O00O00O
O0o00oo0oobbooooBObO0O0Ob0DbDO0ODbDDOO0ObDDbDOUOD20000b000
gl obobobbobobbbbn
000000ooooooooooobobobobobbbbbbbbDbDbD Riemann
0 (Riemann surface) 0 0 00

17



01.0 f(2)=2"?2000002z=r000000000 27000
00000000 z=rf20000000oong

f(z) = Vre?2, 00000 re 2 = — fre?/?

000 f(:»)020000000000000000000O0OO0OOO
O+0200000000000 RiemannUO O z=00000000
Dboobuoobobobooboobbobbuooboobboobd
O00Riemann 000000000000 ODOO(OOOOOOO)
0000 (branch point) 000010 00000000000O00O0O
Doboobooboobooboobbobboobooboobo
000 (cwt) DOOOOODOOODOOOOOOOOOOOOOOOO
oboobuoobuoobooboobboobboobooboobg
obooboobooboobboobuoobooboobboob
oooooog

0 2.0
F(2) = 213 = p1/3i0/3  p1/3i0/342m/3) 13 i(6/3+4n/3)
OO0 Riemann OO0 z=000000 300000000000000

gboodgbogos3stoobobuooboobbogboosbbooboogn
goobodgd

0 3.0
f(z) =Inz=Inr +1i(0 + 2nn); n=0,+1,+2, ...

OO0 Riemann OO0 z=000000000000000000000O
gbbooodbbbooobobbooodab

0100200000000 RiemannOOOO0O0O0O0O00O0O0O (algebraic
branch point) 0000000000000 RiemannOOO0OO0O0O0O00 (multi-
plicity) 00000 300000000 RiemannOOO0OO0OO0OO0OO0O0O0OO (log-
arithmic branch point) O 00O

0.0 f(z) = (22— 1)"Y2 0 Riemann 0000000000000
000

18



20 Uoottd

2.1 O0O0OOO

Keywords; 0000000000000 00O0O0O0O0OO0OOOOOOOOOOOO
ooooo

O0000yx) 0000 00000000000

F(I7 y? y’? Y y(n)) = 0

0000000000000 000000000 n0000000O (ordinary
differential equation) 00 000000000000 w(z,y) OODDOODOOO
00000000000 ou/ox, Ou/oy, OOOODODOOOOOODOODOOOO
(partial differential equation) 00000000

nO0000000

v = flayy ey ) (2.1)

0000000000000000f0y,vy,.4» 000000000000
0(21)000 (linear) 00 0000000000000 0O0OOOOOOOOO
0000000000 (non-linear) 01000

“00o000o0oOor’obo (21)0o00Dy =y(ep)ODOODODODOODOO
000000000000 0000000000 (integral constant) D000
00(2.1)0000000000000000000 (general solution) 0000
0000000000000 00000000000000DDOO (particular
solution) 00 00000000000 OOOODOOOOOOOOOOOOOOO
gobbobbboogooobbobbbooooooobooboboooooog
gobbbouooooobobbbobbouoooooobbobbbouooooon
0000000 (singular solution) 00000000

0.0 ¢?+y?=100000y=sin(z+C)0000COOOOOO
D00000y=41000000000000000000 CO0
0000000000000000000000
0000000000000 D00000000000000000000000
D000000D000(0000D000000D00)0000000000000
OO00O0O0! “000000000000000000070000000000
0000000000000000000000000000000000000Q
0000000000000 000000000000000000000000
000000000000000000000000000000000000
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22 OJO00Ooogooo

Keywords; 00 0000000000000 00OO00OOO0OOOOOOOOOOOO
goo

000000000 ¢ =f(r,y) 0000000000000 0OOOO0OCOO
0000000000000 O000ooooooooo(@ooooooooo
O00000000oooooon)

d
(1) 00000; y’:f(x)g(y)DDDDDDDDDDDDDDDDDD/—y:
g

/fd:B+CDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gogoo

0.0¢=9y>-1
(2) 000; y’zf(y)DDDDDDDDDy:uxDDDDDD yO 000

dy du
=u+zz— 00000000000
dz dx

du du  f(u)—u
utes = f(), 0000 ="

gbbboooobbboooobob

/f _u—/f—l-C' Injz| +C
gogd

0.0 y+2zxy =0

dy orP  0Q
goooo; P =0000o0ouood —=—00
goooo
DDDDP—g(b, Qf—(ﬁDDDDDD¢DDDDDDDDDD¢(Q;y) 00
X

DDDDDDDDDDDDDDQS(m,y):/ Pdz+Y(y) DOOOO
x0

dp [ OP dy 6@
Qle.y) = 3y  Jae 8yd dy 0 890 + dy
dYy

= Qz,y) — Qxo,y) + T

goog dY
Yy
S Q(x0,9),0000 Y(y) = / Qo )y

gooooo QSDDDDDD

xT

d(ey) = [ Pley)de+ [ Qo gy

Yo

20



gbobobooodbbxy,yoUODDODOOLODODOOOOODOOOOO
OO000b0obOoebobboonOd

_ 094, .94, -
dqﬁ—%dx#—a—ydy—O

00000000 ¢(z,y) =const.0 000

x Yy
L/P@wM%ﬁ/Q@:ﬂwMy:C
0 0

oobooboobooocooooog

0.0
dx L (1 x dy_o
v Ve v T
oP 0O
oooooooonX-%____ Y pppoooooooo

oy  Ox (22 + y2)3/2
DDDDDé(m,y):ln(\/xz—kquLx) oooo

gbooboooobboogd

d
‘00000 Va2 3200000 de+ (Va2 + 42— o) =0 000
y

Ooboobooboboooooobooooboorg

OooooooooooooboooooobooooooboooOoooooboooooo
oo0ooO0OooooooO0OooooooOoooooocoooooooooooo
00000000000 (integrating factor) 10 0000000000000
OooOoO0OoooooOoOoooooooOoooooocoooooooooooo
Oo0oo{@ooooooon)

(4) DOOD0ODOOOODOO (first order linear ordinary differential equa-
tion);

Y Py = Q) (22

O00000000Q(x) 400000000 (inhomogeneous) 1000000
000000 (22) 0000 Q(z)=0000000
dy

L+ Plr)y =0 (2.3)

0 (2.2) 000 (homogeneous) 00000 (22) 000000

(22)0000]|=|(23)0000 |+[(22) 0000 (2.4)

gboboboogoobobooooobon
(23) 00 0000000000000 OOOOOOOO

y(x) = C’exp(—/P(x)dx)

21



gogd
(22)000000000000000 (method of variation of constant) [
O0000000((23) 000000000 CO 000000000000

y(x) = C(x) exp(—/P(x)dx)

0(22) 00000000000 C(x)0000D0D0OO 000000

dy

1 = —exp /P dx (x)C(z) exp(—/P(g;)dx)

000 (22000000 Cx0000000

dC

—exp /P dx = (),DDDDa:Q(x)eXp(/P(x)dx)

goboboooobbooboooon

— [Q@yexp ( [ Pla)da) do+ 4

000000 A0DO00O000OO0ODOODOOO (22)00000

y(x) = exp (—/P(m)dx) {/Q(x) exp (/ P(x)dx) dz + A}

00000000000 (24)000000000D0OODOOO

0.0 ¢ —Xy=f(x)

23 nUU0O0Oooooog

Keywords; 0000000000 WronskiDOODOODOOODOODOOODOOODOOO
gbbodgboobboobooobbooo

nO0D00000000

dny d(n—l)y d(n 2)y
guoodooboobobobbuoooadg
dny d(n—l)y d(n—?)y
don al(.x)m + CZQ(.T)W + ...+ an(ac)y =0 (26)

O0000000000000000OO (linear operator)

dr d(n—l) d(n—2)

L= @ + (Il(l‘)m + (lQ(Q])W

oboobobbob

+ ...+ an(2)

gbooboooon

22



gboboboogobbboooobbbuoooobbboooooon

{ L(y1 +y2) = Ly + Ly,

< L(ciy1 + coy2) = c1Lyy + oLy
LCyl = CLy1

OO0y, 0000000 a,c0000000

nO0000000O00O00O00O00bo0boboogbobobaboodabo

(i) yi, 40 (2.6)000000 iy + ey 0 (26)0000000000000
O (principle of superposition) 0 0 00

(i) (26)00000000 000000000000 (fundamental system
of solutions) 0000000000 {y,4s ...y, 00000 (2.6)000
00

Y =C1Y1 + C2Y2 + ... + Crln
0ooooodde,c,.,c, 000000

(iii) 00000 {y} 000000000000 Wronski O OO (Wronskian)
goodooooooood

(n—1)

Y, Y, e W
y y/ y(nfl)

A(I’) _ 2 29 ey 2 7é0
Yns Yns oo y7(1n—1)

(n—1)

00 ™ 4+ay™ V4. 4au=00000

(n—1) (n—2) (n)

yi, Yoo U Y, s Y1 W
n—1 n—2 n
% _ i Y2, yé? ) yé : — Y2, vy yé )7 yé ) — —al(x)A
de dzx ey ey
Ynr Yns oo ?J?(znil) Yny -y 97(1”72)7 y’Szn)

goboboooobbbuooooobobod

A(z) = Cexp (— /Ox al(x)dx)

D0000O0A(x)00000(C=000000000 (C #0)
000000000{y,}000000000000000000
0o 0oo

(iv) O (250000000 (2500000
Y=Yt Cc1yr +CYa + .... +Culin
godod

0000 (ivyDOOOO0O0000000o0ooooooooooooooo
00,0 (00000)0000000000O00OO0OODOOOOOOOOOOO
goooog

23



231 0UU0O0bObooooooooboon

gbobbobboooooobbbbbuoooooobbbbboooooon
gbobobuoooobbbuogoboboboooobbobuoooobbood
gbobooggn

dny d(nfl)y
dan + o da(n=1)

000000000 0000000000000 0y=e000000000
000000000 (27000000 A00000ROO0O0DOOOO

Fotay=0 (2.7)

N+ a N+ +a, =0 (2.8)
000000000000 (characteristic equation) 00 00

(i) 0000000000 {A, Azy .., A} 000000000000000

6)\11‘, 6)\2:5’ ,6/\"x

Oo0o00o0o0ooooo@E)ooood

n
y=3 et
=1

O000OMO000000000M=a+000000 M0

Mz a+ib)x

M = el = e"(cos bx + isin bx)

gbooboogooobod

(ii) 000ODDOCOOOO000O0D0D0DMNOmMOODOOODODODODOODODOOOOO

Alx Alx 26>\13:

e T m—le)\lx

B 4
ooad

d?y dy =, 2
O0.000000 @—ZCL@—Fay:ODDDDDDD)\—QaA—i—
=00000000X=¢0200000000000 y=e*
000000000000 000000000 y=c¢(z)e* 000
OO0000o00O00oOoDo0oooooDoooood=0000
c(x) =c+cqx0000000000y=(co+z)e*0000

gboboboooobiboiDd e ze** 00 gy

232 00O0OO0OOOOOOOO

goboobbobouoooobboobbodoooooboboobboooooon
gobbbobbuooooobbbbobbboooooobboboboboooood
00000 (D0ooo0o0)0Do0oooooooooooo

24



gbooboooobbobooon

d"y Yy _ 00000 Ly = 2.9
TVt @) s a2y = S0) =i ©9)

000000000000 {y(x):i=1,..,n}0000000000 (29000
gboboboogogn

n

y(a) = _ci(@)yi(x) (2.10)

=1
Jdodoodoono nOOoono Ci(x)DDDDDDDDDDDDDDDDD (2.9)
dogdoooooood Ci(fL’)DDDDDDDDDDDDDDnDD Ci(:L‘)DDD
Jdoodoo»n—1000000000000000O0 0000000000000
DDDDDDDDD(ZlO)DDDDDDD
d n ndcZ
= () + dx yi()

=1

=0
gbbboooobbbuoodobbboooon

ndCi
i =0 2.11
> et (211)
0000000000000 10)0000000
d? n d2y, " de; dy;
dey ;Cl dx2 ladx
%,_/
=0
0000000 oUuoUoUooUooUooooouoooo
" de; dy;
— = 2.12
= dx dx (2.12)

0000000000000 000oo0oo0Oo0o0oo000oO (21000 n—10000

dn— 1 n nfl ; n dCZ- dn72 ;
y Z Ci\T Y + 3 Y
dzn—1 = den=t = dz da?

=0
bbb n-100000

n dCZ' d"_Zyz
> = =0 (2.13)
— dz dan—?
gobooobbibn0ddnonoO
dr n n Vi dCi d”_lyi
= CZ _—
dzn? p dx” — dx dam!

O00000Ly; =000000000000000 (299000000

n dCi dn_lyi

> Gt =@ (2.14)
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0000000 (214)00n—-10000 (2.11), (2.12), ..., (2.13)0 ¢(z) 000
0000000000000000000000000

y1) y27 ceeey yn Cll 0
/ / / /
, e 0
yl y2 Y CQ — (215)
n—1 n—1 n—
y§ )7 yé )7 et y’l(’b 1) C{f'l f(x)

0000000000 (%,;)0000000000Y;'=A,,/|Y|0000000
000 A,;000YO00000000|Y|0YOO000000000 WronskiD
00 ADDDDOODO0O0O0O0O0(215000000

) = Yk fla) = 22 f(a)

oo

cilw) = o Au)
00000000 (2100000000 (29)000000
o) = 3 As(o)+ o) [ S

gbbobuoooobbobuooobbbooooboboboooobbboooon

f(u)du + A;

0.0 00000 ¢t000
Y+ 2y + Wiy = f(t)

000000000000 f)00000000000000000
000000000 X +2924+w? =000 A= —v+y12—-uw?0
a, 00000000000y, =eMt, g =e2 00000000
Wronski O O O

ealt, O[lealt

frnd (OéQ — al)e(al+a2)t — _2\/@6—2’}% % 0

0000(@O00 (i)
0000000000 y(t) =c(t)e®t + c(t)e* 0000 ¢(t) 000
00000000000000000000000000000

st

et e

et + et = 0
arc et + agpche™ = f(1)
gogogoooooon
t t
ll(t) — f( ) —alt’ IQ(t) — _ f( ) e—agt
a1 — Qi Q1 — Qi

t t
y(t) = Are™' 4 Aye™’ + Meal(t_“)du — ﬂeaz(t—“)du
0 al - Oég 0 al — a2

Yo(t) + /Ot \/%6_7“_“) sinh {\/72 —w?(t — u)} du

26



24 200000000O000O000

Keywords; 0000000000000 O0OFuchsOO0OOFuchsOOOOOOOO
000b0b0b0bO0bO0bOobUODbdFrobenius O

241 0O0U0O0OO0OOOOOOO
2000000000

d?y dy
L A(z)~2Z + B(z)y = C 2.16
ydx2+()d+() (z) (2.16)
OD0000A, B, CO00000000000DDN000N000N00N0N00N00n
000000D00000000000000 (singular point) 0000

00 2.1 z=¢0000000 (216)00000000000000z=e00000
god

goo

000000000000 (216)0000000000000000e=000
obobooboobod

= a,z", B(z) =) _ bya", C(z) =) cpa”
n=0 n=0 n=0

ooooO
=> d,a" (2.17)
n=0

0(216) 00000 0000000000y(x)0 1000200000

y'(x) = ind "

o0 [e.9]

y'(z) = Z n(n—1)d,a" 2= 3" (0 +2)(n + 1)dy400™

= n/=0
0000000160000 2000

e}

Alz)y'(z) = Z A" Z nd,x"" Z Z Ny dyx™ 1
m=0

m=0n=1
00 00

- Z Z n' —m+1 amdn’ferlxnl

m=0n'=m

(Z n—m+1 amdn/_mH) "

m=0

~

I
hE

n'/=0

27



gbobobooog3gbbouooobn

B(z)y(z) = mex Zdnx = Z Z [ ——L

m=0n'=m

= Z(Zb dy— m)x

'=0

00000000000 (216) 000000000 " 00000000000

(0 +2)(0 + Vs + S A0 = m + D tmdyr—ms1 + b} = G

m=0

Ooo0oooO0oooooooox0O0O0C00O0000OooooO

TL/ = O; [l 2d2 + (aodl + b()d()) = C
TL/ = 1, 6d3 + {(2(Iod2 —|— bodl) —|— ((Ildl —|— bldg)} =C1

gboooboobooodon

y(0) = do, y'(0) = dy
0000000004, 00000000000000

ooooboooboobobob“cobuob g, 00b0obobobonoonog
ooobobobobobooobooooo"oboobobobooboobobDoo
00000000 (217000C0C00000ODOOOO0OO0DODOOOOOOODOO
O0000000oo0oO0@1noo0o00Dooo0o0oooUoooooooooo
gbooogaog

2.4.2 FuchsOOOODODODOO
googooooon
v+ Az)y + B(x)y=0 (2.18)

00000z =a0 A(z), Bxz)ODODOOOOO (z — a)A(x) = a(x), (x —
a)?B(r)=b(x) 0000000000z =a0 (218)000000 (regular sin-
gular point) 0000000 (2.18)0

(z = a)%y" + (z — a)a(z)y + b(x)y =0 (2.19)
godbbbooooooooooobbobbuooooo

00 2.2 (Fuchs 000) 00000 (218000 (219)0000 2 =a000000

gobooooooboo

y(z) = (= — a) i do(z —a)",  (do #0)

gobobooon
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0dodododododoooooooooooooboooooooooooon
godoodoooonoooboooonoouoooooonoooogogg
00000000000 (irregular singular point) 000000000000
googooot

0000000000000 000000000o0o0gogod FuchsO (Fuch-
sian type) 0000000000

2
01.0  Legendre0DDODO0O ¢ ——2 g+ 4=0
1—a2 1 2
! 1 / n2
0 2.0 Bessel OO OOODO y+-y+|{l-——5)y=0
x x
a(zx) OO b(z)DDOOO
a(z) =Y ay(zr—a)", b(z) =Y by(z—a) (2.21)
n=0 n=0
oooooad
N4 (ag— DA +by =0 (2.22)

000000000000000000000000000 (indicial equation)
goobg

(219)0 20000000000000000(222)000 A1, A2 (M >X)0O
gbbboogobood

(1), — X\, 00000000:

n(e) = (@—a™S du(e—a)”

n=0

pa(r) = (@-a)* > dy(z—a)"
n=0
(2) M —X000000 (FroubeniusO OO ):

n(e) = (@—a™S dule—a)”

n=0

yo(z) = cyi(x) ln(:v—a)—l—(x—a))‘Qifn(m—a)"
n=0
DDDDDDDD(CZODDDDDDD)

0000000000000000000000000000 (2.20), (2.21) 0
(2190000000

o0

Z(A—i—n)(k—kn—l)ddw—a}”“—i—i { Zn: (()\ + 1 —m)an, + bm)dn—m} (z—a)™ =0

n=0 n=0 \m=0

000000n=000 (z—e)*00000000000O00O00O0
)\(A—l)do—i‘)\&odo—i‘bodozo
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gboobooogon

00000000000000(z—-e)" 0000000000000 O0O0OO0

n=0 .. dyp(A\) =0

n=1 ... dip(A+1)+dyp1(\) =0

n=2 ... dap(A+2)+dip1(A+ 1)+ dop2(N) =0 (2.24)
n=3 ... d3p(A+3)+dop1(A+2) + dip2(A+ 1) + dopps(A) =0

000¢,(\) =X, +b,000000000d,0 do000O

01N o dy—— ¢1()\+1)d () do.
(A +1) d(A+2) d(A+2)
P1(A+2) P2(A + 1) P3(\)

R ity st Uy e LA (2.25)
ogooooooooao
DDDDDDDDDDD)\l%AQDDDDDDDDDDDDDDDD(DDD)
ooooooooouoouooa=Xxb00002000000000000000
0000000000000 00000000O0M - X=neZOOOOOOO
dMa+n)=d(\)=0000d=00<i<n—-1)00000000 d,000
Oo000d; (¢ >n)0d, 0000 y0OODODOOOOOOOOONDODOODODO
gooooooo

dy

AM—X=n>000000000000 FrobeniusODOOODOODOOOODO
gboobooogon

(223) 00000 A000000000000Od,000000000000DO(2.25)
00d, 0 000d,\)00000000000000000000 yO 20 A
gboogao

y(r,\) = (r —a) Zd (x —a)”

0000000000000 (2199000000000 yO (22490 n=000
000000000000 (x-e) 00000000000

Lly(z,\)] = do¢(A)(z — a)*
0000000000 d,0A000dy(A) 000000

. l@y(w,)\)] 9

o AN (@ — a)

= dy(No(N)(z — a)* + do(N)¢' (M) (z — a)* + do(N) (V) (z — a)* In(z — a)

DDdo(/\2):0DDDDDDdO(A)DDDDDDDDDDD/\:/\2DDDDDDD
000y(z) = dy(z,A)/0A|en, O (219) 000000
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0000 d(\)00000000000000000000 dy(A)=D-(A—X)
00000y(z, ) xy(z)0N00000000000000000000

Jy xe = ddn
ya(x) = == = cyi(x)In(x —a) + (x — a) QZ — (x —a)"
O\ NEY = dN | %

gobobouoogon

1 1

DLDgﬂ+?y+zwzoDDDDDDDDDDDDDDDDDD
Xz X

0oo

02.0 2%+ ((*+2)y/—-y=00000000000000000
0oooo

25 0O0OO0OOOOO

Keywords; 000000000000

goooo ;
Ly(x) = Y axla) o u(e) = 0
k=0
goooo ;
L7y(e) = (-1 (i) =0

00000000 (adjoint differential equation) 000000 L*0 LOOOO
0000 (adjoint differential operator) DO OOL*=LO0O00O0O0O0O (self
adjoint) D000

d2
Y 1 oy00ooooo

0 1.0 Ly =

da?
n k dky
0 2.0 Ly= — | P(z)— |00 og
=i (n0H)
n? d?
0 3.0 Hamiltonian =g 12T Vz)Dooooo
2 %y dy
0 4.0 Legendre00OD0D0O (1 —2%)—5 -2~ +vy =00
1 1 dx dx
“la-AHY vy =0000000000000
dx dx

gbbboooobbbuoooobbbuoooobbod

00 2.1 y(@), v(z),...,y" V()0 z=a, 0000000

/aﬁ<Ly(x))z(x)dx _ /jy(x)(L*Z(x))dar

gooo

O0d:
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Lroooooogoo

/5 (a(m)i}jﬂy(w)) z(x)dx = [a(x)y(k_l)z(x)}ﬂ - /5 y(k_l)Ci(a(x)z(x))dx

«

B 2
= =L (atwst)]| 7 [ (alo)s(o)a
...... .
= (=1)* ﬁy&(a(w)z(w))dx

gooo

26 U0O0OOooOooooOoo,bobn

Keywords; 0000000000000 00000000000O00O0OGreen000
000000000 Sturm-LiowilleDOOOOO0O0OOODOO

2.6.1 GreenlO

O00000000000000000000000x=0000 y(0),y(0)00
0000000000000 0D00000 (initial condition problem) 00 00
0000000000 z=0,000y(x) 000 ¢(x)0000000O0O0O0ODOO
000000000 (boundary condition problem) 00000000000
yla)=a,y(f)=0000000000000000C0000OOOO0OO0OO
00000 (inhomogeous) 00 000000000000 Oy(a)=0,y(8)=0
guodubobbooooboobooooouobbbuoooobobbboooo
00 (homogeneous) J 0000000

goodoobooobobobooood

L= g (PO ) +a@y =0, we)=y0) =0 (220)
gooooon 5
y(e) = | G, f(6)de (227)

000000 Gz, ) 000000000000000 (226)0000000G(x,¢)
H

8
| L6910 = f(a)
obobobooboobooboobobboboobon

LG(z,§) =6(x—¢), 00000 4 (P(x)dG(x,§)> +q(2)G(x,&) = 6(x — &)

dz dx
(2.28)
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O0000000000000000 Gz, )0D0O0OD00O0O0O (2.26)0 GreenO O
(Green function) 0000

Green 0000000000000 O0O0O0O0OOOOOOOO
() Gx,§)0z=0,000000000000000

(i) z=¢00000LG(x,€) =0.

(i) =¢00G(2,6)000000000G(x,€)/dx 00000

&+9
00000000000(228)0000 dz00000000

€6
Dooo@Eoooo)

[M@mp@@) :memmlip@,ﬂ _

-6

Gren00000000000000000O0O00O00000000Ly=00
0002z=e000000000000 w()Oz=000000000000
uy(2) 0000 (up, v, 00000000000000000)000 w(a) =0,
uy(f)=00000000 GreenO 00

€)= cruy () (a<z<E)
Glad) { caun () (E<z<p)

Green0 00 0O (iii) 0 O
GOOO0O; 00 cu(é) = cou(é)
G000 (2.29); cruy (§) — caus(§) = — 7=

gboobobooooboo

109 L9
PTAQPE) T AP

0000 A(z)P(z)0 x0000000

,0000A(®) =

ooond
L (a@P@) = [ — )]
d , d /
= U @(PUQ) — &(P%) Uy =0
—qU2 —quy
ooooono
000 A@€)PE)=1/c00000
| cur(z)ua(§) (a <z <E)
Gz, €) = { cuy (§)uz () (E<z<p)

0000 GreenOODOGODOOOOO
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2.6.2 UJUOoooood

00000000 A00000000
Ly=y"+ky=0, y0)=y(a)=0

00000000000 kO00DO0ODOO (trivial)0 (y=0)0000000O0O
O0000bO0 ck00000Db000O0DbO0ODODO0O0Ob0O0ODbOObDbOg y =
Asin(kz +0)00000y(0)=000000 A=00000=00000A4=00
00000000006 =00000000000000000000 y(a)=00
O sin(ka) =000000000 ka=n;n=1,2,...000000MRm=00000
O00000n=-1,-2,..0 AD —AQOD0OO0ODOOOODO)0000k=k,=n7/a
O00000000000000 &, 00000 (eigen value)DOOOOODOO
000 y,(z) =sink,2 00000 (eigen function) 0000

OOooobooAObOoooonog

d

LydeF@L£]+ﬁ@y=Aw@w

OO0O0D0000 Sturm-Liouville D00 O0O0OO0OO0O0OOOOOOO A=\,
0000000000 w(x) 000000000

Lu,(z) = Ayw(z)u,(x)
000000000000 NO00O0O0O0O0OO0 u,(x)0000O

goooooooooooo
B
(i) 00O (orthogonality):0 A, # A\, 0000 / ()t (2 )w(z)dz = 0

(i) OO0 (00)0O (completeness):O]
000 f(zx)0000 f(z) =) cu,(z) 00000

(i)000000D0O0O0O00DOOOo0000LOoooOooDooDoOoOooo
oboooo

()0000 w,uwDOOO0O00OO

(puy) + qui — \Mwuy = 0
(puy) + quy — owuy = 0
0000000 wdoooooo wwoooooooooo
4d
dz
00000 00 pO000oOoooo

(p(u’lug — ulu;)) — (A — X)wugus =0

B
[p(u'lm - ulug)}fl — (A — )\2)/ wuyugdr = 0

(67
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p(z)A(zx)0000000000000000OD0

(A — Xo) / s () ua(w) () = 0

[0}

ERERE

OOoooooooooooo A Abgooooooooobooooooooog
goboboobboogoogoboboobbooooooboobobboooooog
gobbobbbouoooobbbobbodooooobobbbouooooobbon
gobobooogoboood

00000 {w}O
B
/ U (2t (2)w(z)de = 1
0000000 (normalization) 000000 (i)000000 ¢,0

B
Cp = /a f(@)uy(z)w(x)de
godd

263 UUObOOOoooooLoboboon

00000 Ly= wy 0000000000000 000000 {w}0000
gboboboogobbobuoooobobboooooobooo

Ly — \wy = f(x) (2.30)

gbobogoooboooobo
DDy:ZciuiDDDDDDDDDDDDDDDDDDDDDDDDDDD

0o
Z ci(Lu; — dwuy) = f
00000 Ly = Awy; 0000

7

00000 w0000 0000000000

ah—A) = /jfuldx, 0000 ¢ = N 1_ )\ /ﬂ f(z)u(z)dx

07

000000 (230)00000000000

3 . .
o) = [ 52 DE) pieye
00000000000000000 (22n000oo

e = 3 ol

i

OGreen 000000000 DOODOOOOODOODOODO
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30 Uood

3.1 Fourier [J

Keywords; Fourier 0000000000000 O0O00000OOO Fourier OO
00 Fourier 00 OO 0O Fourier O O O Parceval 0 O O O Fourier 0 0 O O Fourier O O O
Parceval 0 0 0 0 Gauss O O

3.1.1 Fourier [ [J

Fourier 0 0O (Fourier series) 0000 0000O0O00O0O

1 1 .
{\/ﬁ \/_0089 \/_sme \/_C0829 ﬁsm%,...} (3.1)

00000000000000000 3.1)000oo [-n,n000000OOO
gbooooogobod

gbooobooogooboood

™ 1 1
—— cosnf——=cosmBdl = i, ., / — =1,
/_7r NZ3 NZS ’ V2r
| L cinnf— sinmédd — § L/ 6o = 0,
—= sin nf—= sin médl = 6,, ,, ————=cosnfdf =
VR oo
™ 1
—— sinnf——= cosmAdh = 0, / — sinn#df = 0,
/_w VT VT \/_

oboooobo
00 (CO)ooooooooooo

-7, 7000000 “000007f(6)00000000000000
LLDDDD??

gbooboogon

gbboboodgbobbooodgbb2b0b000bbboooobn
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00 3.1 f()00000000000000O00OOODOOO OO

0000000 8(6)0

L > (an cosnb + by, sinnb)

S(6) =5

n=1

1 ™ 1 T
= — / f(0) cosnbdo, b, = — / £(0) sinndde
mwJ—7

™ J—7

ggpooood

(3.2)

goo

gobboboooooobbobboooooboboboooooobon
O00000000oooooooOoOoogoooooofoOO ffO0O
gbooboogooood

S(0) 0 f(0) O Fourier 0 0 OO (Fourier series expansion) 0000

1
00 3.200000000000000060000 (3.2)0 5(f(e—())+f(0+0))m

goooo

goo

O.0¢=00000000

—cosf —1 (- <6<0)

o~ 0=

cosf + 1 (0<6<m)

O Fourier OO0 ODOOODOfOO0ODOCOOO @,=0.000b,0

2 [ 2 (m
b, = —/ (cosf + 1) sinnfdf = —/ (cos @ sinnf + sinnd)dd
0

™

— 7/ [smn—i— 9+sm( 5 l)e—i-sinnH]dQ

B —(=1)"H+1 (=)t (1) + 1
- w{ 2+ 1) T 2m—1) - ]
=0, ifn=1

N |

SHES

[ et R n
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gboobooooboboogan

—10 (—7<6<0
£(6) = DA
1 (0<6<m)
O Fourier 0000000000000 a,=00000
2 7 2
by, = f/ sinnfdf = ——[(—1)" — 1]
7 Jo ™m
oood
by — 0 b _ 4
2m — Y, 2m+1—ﬂ_(2m+1)
oo
f(e) = é 3 sin(2m + 1)
B 7Tm0 m—l—l
4
= - (sm@—l— —sin36 + —sin 50 + .. ) = lim Sy,41(0)
T
ooof
4 4 ot
Sont1(0) = —Z sm 2m+1)9:—2/ cos(2m + 1)¢de
T = T =)o

n

_ 2/ {Z ei2m+1) | i 6—i(2m+1)¢} do = 2/9 sin2<n+ 1)¢d¢
0 m Jo sin ¢

T m=0 m=0

00 S,+1() 00 —0,n—oo0000000000000O0O0O0OOOAOO
OO0000sinep~oO000OO00OD0OOO

0 g £

0002n+1)¢p=2,2n+1)f=£00000000
e0000—000000n—00c00000

2 [0sgi
lim {hm Sgn+1(9)] — qim 2 [ 2

n—00 n—oo 71 Jo T

dzr =0

e J0On—ooO0O0OODO—-000000

2 [>si
lim {hm Sgn+1(6)] = lim — e

6—0 6—0 7 Jo X

de =1

e00¢(=2n+ 1000000 NR —00,0—000000

2 r€sinx

lim S2n+1(6) = */
n—00 ™ Jo
0—0

£=const.

dz = S;(§)

T

0000sS()00oooooooooonoooo
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3.1.2 [0O0 FourierJ 00O OO Fourier OO

f(e)bo0o0D00000b,=0000 Fourier 00O OO

(o) = % + Y a,cosnb

n=1

O0O0000000 FourierOD OO OO
000 f(O)000D00000a,=0000 Fourier 0 OO OO

f(0) = i by, sinnf
n=1

OO000D00000 FourierDO OO OO

—sinf (0 <
0.0 fey =4 ™ 0<0 gopppppooooo
sinf (0 >0)
Qo 2 0 4 1
- = (57 ) Q2n = ——
2 ant 2 m4n? —1
3.1.3 00 Fourier J [J
Euler OO DO OOOO
cosnf) = 1<€m0 + e~ %) sinnf = l(em@ — e~
2 ’ 27

UbobO0O0DFouwrierDO00O0OO0OOOOOOOO

fO) = > \/C;_Wem@; Cp = 7;(@,1—@'&)”):;2_7r /_7; f(@)e™™de  (3.3)

n=—oo

00000 FourierOO0O0OODO f(/)ODODOOOc,=c, 000000000

OO0 Parseval OO OOOO0ODOO

[ 1070 = 3 el = el +2 3 fef
- n=-—00 n=1

— I+ (@402

01.0 Parseval DO OO0OOO
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3.1.4 Fourier 0O

00 Fourier 00 (3.3)00000 [-m#0000000000000000
0000 [-L,L]0000000000 f(x)00000000000000000
¢=(L/7)900000000000000000 (3.3)0

inmx /L. —inmx/L Edl’

< e, 1 L
fla)= 3 et cn:@/_Lﬂx)e :

n=—oo

000 Le,/m= f,0000

~ 1 L . 1 L .
_ —znﬂx/Ld _ / —zknmd
” —_— x)e T = —— x)e T
b= g LI Var T
1 T 1 0 ~
- = § s mm’c/in Z Ak iknx
xXr ne T'Le
f() V27Tn:fooLf V27Tn:foo f
000k, =nr/LO00 Ak=x/LO000O0O0O0O0O L —-o000000000O0
O2000000000000000000000A0

fk)y=f, = \/12_7T /O:O f(z)e~™**dx O Fourier O O (3.4)
f(z) ~ v%;[zf%kﬂmﬂiﬂjﬂmmeD (3.5)

000000000Fourier 0000 Fourier 01000000200 ~00f0

1
DDDDxDDDDD§Uu+m+fu—m)DDDDDDDDDDDDDDD
0ooo

Fourier O OO OO0 Fourier OO OO QOQOQOO
1 0o . . 1 [ee] o0 R
T - = k ezk;:cdk — / dk?/ d[)?, I/ e—zk:c +ikx
f) = = [ F or |k [ dr'p)

= /_O:O dx'{;?T /_O:o dkeik(xm/)}f(x’)
=0z — )

00000000000 {..}04x—2)00OO000D0D0D0O0OOOOOOOOO
OO0Diracd 6-0000000OO00C0O

1 o
i(z) = Py /_OO dkek®

gooo
Fourtier DO 0O 0OOO00OOD0ODOODOOODOOO

00 3.3 (ParsevalO00)

| 1@ = [ f (k) Pak

OQd:
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0000 Fowier 0000000000
0o = 27r/ dx/ dk/ dk;’“f’f)f()f()

:/ dk/ AK'S(k — k) f / k) 2dk

goon

U1ggaoobo

0 (t<0)
e /Tsinwet (> 0)

o~

O Fourier OO OQOQOQOOOOO

—t/T —iwt

~ 1 [e’e)

W) = — dte sin wpte
f( ) \/27r/0 0
EulerO OO sinwot:(eint—e_i“’Ot)/(2@')DDDDDDDDDDDD
o

) 11 1 1
flw) = % Von [1/T+i(w—wo) 1T +i(w +wo)

0 2.0 TDDDwODDDDDDDf(w)DDDDDDDDDDDDD
O0oo0odioboodTw > 10000000000

020 GaussO0OOO0O0O <z >=aq, 00 < (x—a)? >= 020

Gauss 0 O
1
flz) = T

O Fourter DO O0OO0OD0OO0ODOOODOO

(x —a)*

202

exp [—

f(k) = a\/% exp[ x—gg) ]e‘“’”dx

Tr— a
=y doodogodgoong
(fo- Y )

\/_ /exp y2 — ik(V20y + a)}dy

— ﬁe—’ GLOO exp{—yz — iﬂaky} dy

10 2 o2
—y? — V2 = — — - k0oooooon
( y? — iV 20ky <y+\/§k> 2k )

v ) [

1 2 00
= ﬁ exp [—ika — 02/62‘| /_OO exp
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000000 y+ Zk=-00000000

V2
+ootiok/V2 too
DD_/_OOHok/\/Ee dz—/_ooe dz = /7 (3.6)
O0O000000000GaussOOQOOO

~+oo 2
/ e Fdz=/r (3.7)
000000 Fourier 00O O

f(k) = exp (—il{:a - 0;]€2>

O000000Gauss 00 FourierU OO GaussO OO QOO OOO
O0000000000Az~c0000 Ak~ 1/c0000 Az-Ak~1
0000000000000 oooooooooooooo

000(3.6)000000000000000000A=—L+
ick/V2, B = +L +ick/v2, C = +L, D = —L 00O

e dz=00000
ABCD

/ e_Zde:/ e dy — [/ +
AB DC BC JDA

D000 DADOD z=-L+iy,yce ROODODODOOO

.2
‘/ e “dz
DA

_ 2
e *dz

O'k/\/i
/ exp [—([P — 2Lik — yQ)} z’dy‘
0

5 ak/\/2
e L @/ exp [2Lik + yﬂ dy‘
0
ak/V2
< e_LQi/ e dy — 0 (L — o0)
0

0oo ‘/ e dz
BC
2

000L —» co0000O e*Zdz:/ e d: 000
AB DC
00O

—0 (L — o0)

03.0 Gauss0ODODODO (3.7)0000
03.0 YukawaO OO O OO

—RT
V(T):e : r=\/22+y%+ 22
r

0300 Fourier OO ODOOOO

V) = < %) // A7 exp(—ik - x)
IZ

=rkcos, dF = r”sinfdfddr)
1 3 6—I<&T'
. 2 . s
= (\/%) /0 drr 27r/0 d@ sin 0 exp(—irk cos 0)

r
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OO000D00DO000000D0cos=p00000O0OO0OOOODO
1 . -1 ) 1 e*irk_eirk
d —irkp " | —irkp - _
/_1 pe irk{e ]—1 irk
gobobooogon

rk —irk
€ — € —Kr

= 1 00 i
L — 7/ dr—— — I / d ikr—rkr
V() \/%0 r ik € \/%km re
o2 _\F 1
2k e —ik T K2+ k2
ooono

0000000k —-000000000CoulombOO00O0OOO0O Fourier
O0O0OoOoOooooooog

04.0 DOD0DOD0OO YuwkawaODOOOOOOOOOOOO
gogd

3.2 Laplacel I

Keywords; Laplace 00 00O Laplace OO

Fourier 0 O (3.4)00 FourierO O (3.5)0000000000 (e.g. f(x)=1
22, etc.) 0000000000000 OO e (y>000002z>0000000
0000000000000 000000000000f(z)0000 f(z)H(z)e ™™
O Fourier O O

g(k) = /_ : Fl@)H (z)e "k g (3.8)
Flo)H(z)e™ — ;ﬂ /_ O:o g(k)e*edk (3.9)
DDDDDDDDH(x)DDDDD
0 (z<0)
H(x):{ 1 (z>0)

OboobobooboOy+ek=s00000000O00O0O0

/ fla)e*dz = F(s) (3.10)

00000000000000000000000F(s)0000

f(x)H(x)e™ " = - /V%"OO F(S)e s—y)z 2 ds

2 y— 7

gbbobddez>000000

flx)=— /;HOO F(s)e**ds (3.11)

—100
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00000 (38)D0000000000O00O0ODODOODbOOLDOOOOOO-
000(@.11) 00000000 F(s)DODOoOoooooooooooooooo
(3.10) O Laplace0 00 (3.11) 0 0 Laplace0 00000

Jogoood: OO0 3.1)ooooooroooo

1
H(w) = 5 [ F(s)ed
f@)H () = 3 [ Fleas
000000000Laplace00 F(s)0 |sj00000000 (000000000

M
F < —;
F(5) <
OO0ddbddz>00000000000O0TINO0DbO0O0ODDODODO RODO
00000000000 cCcOOooooooobooooooooOon Laplaced OO
0O

(k>0,M >0)

F@)H (@) = lim —— ) e s

R—o0 271
oooooogoon
ao:

DDDCDDDDD]{:/ +/ +/ + gboooobooo
c AB JBD JDEF JFA

DDDDDDRHO@DDDDDDDDDDDDD/DDDDDDD

r
gbbobooodbbboooobbbuoogbbobooon
s=R00000000000000O0O0

/2 . .
/ F(s)e**ds = / F(Re) exp (:BR(COS 0 + isin 9))Re’9id9
BD bo
gooooobooooobood
/2 M M T
/BD F(s)e**ds = Thoi exp(zR cos b)) (2 - 90>
Y

(DDDD00500:Z{DDDDQ—Qozsin_lRDDDDD>

<

exp(zR cosf)df <

= Rk_legm sin~* % —0 (R— )
00000000 /AF(s)esxds 000000
F
goagd
3n/2 M M w/2
’/DEF F(s)e®ds| < /7r/2 Tk exp(zR cos§)Rdf = W2/0 exp(—zRsin6)do

) 2
<DDDDSH10>9DDDDDD>
T

2M /2 2
/ exp <—:UR(9) dg — 0; (R — o0)
0 7r

A1
gl ]

gooo
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0.0 f(zr) =20 LaplaceDOOD0OOOO0OOO

o) ) 1
/ e Zordr = [ ] 4 - / e 5%y = — — sx} _
0 o 52
goobooo
1 1
r< 00000 0O — [ e*=ds=0
2miJr s?
1 1 de®®
r>00000 — e ds = — =2
2miJo o s? ds |,_,

D000zH(z)0OOO

3.3 Uooooogn

Keywords; 00000

f(z) O Fourter 0 0 0 OO0 Laplace0 000000
Fifl= [ e f@de, L= [ e f@)da
gooooogoo
(1) 0O
Fif) = [ e ()
_ @“W@WZ+M[Z¢“W@meMFm

~—_——

L[] = /OOO e f(x)dx = [e‘szf(x)}zo + s /OOO e f(z)dx

(2) 0O ﬂ@DDDl%mDFuﬁiﬁfWMﬂ+HMDDDDDDDF@ﬂ:
flz)0000 ’

L{F] — Amdmz“Lfﬁff@q+Fw)
- /OOO da’ /: dee™* f(2) + Fo)

S
~—_——

e_sxl/s
L L gty O FOSLL

L{f] = F(0)+ sL[F]

45



F[F|00OO0O000000000()000000000000F([F]=F[f] =
kF[FI00D0D000000000000

0000
(3) 0000
Flf(z+a)] = /ymﬂx+@m (y=z+a0000000)

=em/WW@®=WTm
L{f(z+0)000000000f(2)=0(z<0000000a>0000

Lif(x+a)] = /OOO e f(x+a)dx =e™ /aoo e Y f(y)dy
= e LU= ey
a<0000000f(z)=0(z<0)0000000

L{f(+a) = e [~ e f(y)dy = L]

(4) 0000000
Fof@)] (k) = [ e f()da = F [f] (b + i)
Ll f@)](s) = [ e e f(a)dr = L[f}(s —a)
(5) xO OO

Flzf(z)] = /O:Oe_ikxxf(x)d:v

= [T i e e = i (0 (11 (1)
Lizf(z)] = _cfs(L[f] (5))

(6) J0UDOD OO0 f(r)0 g(x) 000000 (convolution)h(z) O
W)= [~ 7@y~ y)dy
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oooaodno
Fip) = [ doe™™ ["ayflgle—y)  (z=x-y000)
= [ e e [7 ayral)
= [ deeg(e) [ dye i) = FIf]F|g
L[n = /0 " dae [ O:O dyf(y)g(z —y)
= /Ooody/:odxe‘“f(y)g(x—y) (=2-y000)
= [Ty [T ase I f(y)g() = LI g
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(140 Partial Differential
Equation (00O
oooa)

It is not easy to discuss a general theory of PDE (Partial Differential Equation).
In the lecture, after deriving the three normal forms for the linear second-order
constant-coefficient two-variable PDE, we shall only discuss some examples for
each type.

4.1 Normal Form (0 0O0O0)

Keywords; elliptic type (O O O), hyperbolic type (O O O ), parabolic type (O O
0 ), Dirichlet condition, Neumann condition, Cauchy condition

A general form of the second order constant coefficient linear PDE with two
variables may be written as

0*u(z,y) Pu(z,y)  Pu(z,y) ou(z,y) ou(z,y)
’ 2b 4 4 2d ’ 2 ’ = .
a o2 + Oy t+c 2 + O t2e dy +fu(z,y) = g(z,y)
(4.1)
This can be reduced into one of the following normal forms depending upon the
sign of ac — b?;

ac— b2 >0 Ou P = glen) elliptic type (00 0)
— — —_ =
e T op 9(&,m ptic typ
2 2
ac—b <0 — g;; — (;;; + u=g(&,n) hyperbolic type (00 0)
2
ac—b0 =0 — gg;—l—g:;—l-)\u:g(ﬁ,n) parabolic type (0 0O 0)
Proof:
Let us begin with the case of ac — > = 0. Eq.(4.1) can be put in the
form of

o bo\ 7 9
a(@:l:+> u+<2da$+2€ay>u+fug(x>y)'
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This will be the normal form if we can define the new variables £ and
1 that satisfy

0 bo 0 2d 0 2e 0 0
= and @ —— 4 ——=—.

9z ady 0 a0z ady oy
In order to achieve these, we put
x=A+ Bn, and y=C¢+ D,

then we have

0 0 0 0 0 0
—=A—+C— d —=B—+D—.
o6 “or tC9 M 5, Par TPy
By comparing the above two sets of equations, we obtain
A=1, B:%’ C:é, and D:%7
a a a
and
Pu  Oou f

For the case of ac — b # 0, the terms with the first order derivatives
in (4.1) can be eliminated by putting u = wu; exp(—ax — fy) with
appropriate o and [3;

ou  [Odu —or—By du  (Ouy —aa—By
or ( ox au1> © ’ oy ( oy ﬁu1> © ’

0%u 0%u ou
( L _ 90— + duy e2=hY

Ox? 0x? ox
82u 82114 aul 8u1 —az—By
oxdy <0x8y - ar oy +afufe ’

0*u 0%y ouy 5 o
e —9p= az—Ly
ay2 ((93/2 B 8y + 6 uy | e

By inserting these into (4.1), we obtain

0
the coefficient of %e‘o‘x_ﬁy 0 2d — 2aa — 23,
x

0
the coefficient of %e“”‘ﬁy : 2e — 2¢3 — 2ba.
Y

These coefficients equal to zero if o and [ satisfy

() (5)-(2),

which is possible because the determinant of the matrix in the left hand
side is not zero. Therefore, (4.1) becomes
82’&1 82U1 82U1

2b = geo T =
oz T Para, T o, + fiur = ge 91(z,y)
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(0 b (et &
9\ oz a 0y “ a (9y2u1

0? 0?
— o ~ o
Q.E.D.
Examples
0? 1 0?
89;5 = caz;/} wave equation hyperbolic type
0? 0? 0?
A = <8a:2 + 873/2 + 822) =0 Laplace equation elliptic type
92 92 92
Ay = <8x2 + a—yz + 822> v=p Poisson equation elliptic type
1
— %@i} =0 Diffusion equation parabolic type
K
R L O - :
—— A+ V() = ih— Schrodinger equation
2m ot

In order to solve a PDE, boundary conditions should be specified. There are
three types of boundary conditions. (i) When the value of the function v is given
along the boundary, the condition is called the Dirichlet condition. (ii) When

0
the value of the derivative normal to the boundary 9% = (V),, is given along

on
the boundary, it is called the Neumann condition. (iii) If both of ¢ and g:f are
imposed, we call it the Cauchy condition.

We know from the study of electromagnetism that there exists one and only one
solution for the Laplace equation with a closed boundary if either the Direchlet
condition or the Neumann condition is imposed, but the Cauchy condition can not
be imposed. It is not easy, however, to tell in general that what kind of boundary
conditions are necessary and sufficient for a solution to be unique for a given partial
differential equation with a given shape of boundary.

In the following, we will discuss several examples.

4.2 Laplace and Poisson Equation

Since all of you should have had a lot of experiences in solving these types of
equations in the study of electromagnetism, we will not discuss them here.

4.3 Wave Equation (000000

The wave equation with one spatial dimension is given by
v _ 1%
ox? 2 ot
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The general solution for this is easy to write down as

(x,t) = flz —ct) + g(z +ct),

where f and g are any two times differentiable functions.

Example 1. First, we consider an initial value problem. This may be regarded
as a boundary condition problem for the open region ¢t > 0 and —oco < x < co. In
this case, we have to give the Cauchy condition at ¢ = 0, namely,

0Y(x,t)
o |, =o(z).

Qﬁ(‘% 0) = U(ZL‘),

Then we obtain

u() = f@) +g9(x),  v(@) = —cf'(z) +cg'(2).

If you integrate the second equation and define V' (z) by V'(x) = v(x), the partic-
ular solution that satisfies the initial condition can be written as

b, t) = ; (u(x —et) - iV(x _ ct)) + ; (u(x o) + iV(w + ct)) |

Note that the integral constants in V'(z) are cancelled each other in the expression.

Example 2. Now we discuss the boundary condition problem for the region
x> 0and t > 0. If we impose the condition along the x-axis for x > 0 as

WD

0(2,0) = ula), |

and along the t-axis for t > 0 as
¥(0,t) = w(t),
then we obtain, as in the same way with the previous example, for x > ct
1 1 1 1
P(x,t) = 5 (u(x —ct)— =V(x — ct)) +3 <u(x +ct)+ -V(z + ct)) :
c c

For x < ct, however, this form of solution can not be used because the arguments
of u and V' become negative, which is not allowed in this case.
We assume the form of the solution for z < ct as

1 1
U(z,t) = Fx —ct) + 5 (u(x +ct)+-V(r+ ct)) .
c
The boundary condition along the t-axis gives

1 1
0(0,8) = F(=ct) + 5 (ulet) + _V(et)) = u(®),
c
thus we have ] ]
F(—ct) =w(t) — 5 (u(ct) + V(ct)) )
c
which determines the solution uniquely.
It is worth to note here that only one out of ¢(0, t) and 0v/0t|,_, can be imposed

along the t-axis. Physically this is because the effect of the initial conditions along
the x-axis reaches x = 0 for ¢t > 0.
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4.4 Diffusion Equation 00O OO 0O OO

Keywords; Diffusion Constant, Equation of Continuity, Fourier’s Law, Thermal

Conductivity, Specific Heat, Error Function, Diffusion Length

The diffusion equation describes diffusion process of matter. In many cases, a
flux of the matter j'p is proportional to the gradient of the matter concentration p
as

jp =—-DVp,

where the coefficient D is called the Diffusion Constant. The time derivative of
the concentration, on the other hand, is related to the flux by the Equation of

Continuity,
@
ot
because quantity of the matter conserves at any spatial points. Eliminating the

_I_v'jp:()a

flux from the above two equations, we obtain the diffusion equation for the matter
concentration

9 _ DV?p
ot '

Spatial distribution of the temperature T also follows the diffusion equation.
The heat flux jT is proportional to the temperature gradient as

jr = —KVT,

which is called Fourier’s Law. The coefficient K is called the Thermal Con-
ductivity. In the situation where no work is involved, the variation of the internal
energy density ug is due to the heat conduction, thus the law of energy consevation
leads to the equation of continuity for the energy density,

8“E‘ -
“Liv.jr=o0.
ot + \Y JT

In the case where the Specific Heat C' does not depend on the temperature, the
internal energy ug is a linear function of the temperature T,

up = CpT + constant,

thus we obtain

In the following, we shall restrict ourselves to the one-dimensional case, namely,

oT(x,t)  0°T(x,t)
5 e (4.2)

Example 1. Suppose that thermally conductive material fills the space be-
tween x = 0 and x = D, and that its temperature is uniform and zero at the initial
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time ¢ = 0. We also assume that the boundary at x = D is thermally insulated,

but from the other boundary at = = 0, the material is heated by the constant heat

oT
flux @). Since the heat flux j is given by the temperature gradient as j = —K s
x

our problem is to solve (4.2) with the Neumann type boundary conditions,

T (z,t T (z,t
g Tty T
or | _, ox | _,
and the Dirichlet type initial condition,
T(x,t=0)=0

Note that the general solution that satisfies the boundary conditions is expressed
as the sum of a particular solution 7}, with the inhomogeneous boundary conditions
and a general solution T, with homogeneous (@) = 0) boundary conditions, namely,
T=T,+T..

First, we consider the particular solution T),. We assume the variables z and ¢
separate as T),(z,t) = u(x) + v(t), then eq.(4.2) becomes

The both sides of the equation should be constant a because the left hand side
depends only on ¢ whereas the right hand side depends only on x. Therefore, we
obtain

la ,
v(t) = at + const.  u(z) = g% tar+ const.
K

a, a, and const.’s are integral constants but we can neglect const.’s because the
boundary conditions are given by the derivative 9T /dz and we are only interested
in a particular solution here. From the boundary conditions ;

-K Px + a] =@, [a:v + a} =0,
K 0 K =D

r=
the constants o and a are determined as

e Q@
DK DCp’ K

Thus the particular solution 7, is

1
Tp(x,t) = wulx)+o(t) = 5%9(:2 + ax + at + const.

1 Q@ , @Q @
= X p2_ = _© t.
2DK Kx DCp cons
Q 2 Q /
2DK (z ) DCpt const

The constant in the last equation can be ignored because we are looking for a
particular solution.
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Next we consider the general solution T, with the homogeneous boundary con-
u _ Ou
ox o - Oz

ditions, = 0. In this case, we assume the variables separate as

=D

Te(z,t) = u(z)v(t), then we obtain

lvl(t) _ u//(x) _
ko(t)  u(x)

where £ is a constant. We put the minus sign in front of the constant because we
are interested in the solution which decays in time, not the one which explodes
(See below). The solutions for the above equations are

o(t) = voe ™, u(z) = Acos(kz + 0),

where vy, A, and 6 are integral constants. From the homogeneous boundary con-
ditions,
=0, kD =nm; n=0,1,2,..,

thus
T

T.(z,t) =Y A, cos(knz) exp(—rkit); k, = 5L
n=0
with A,’s being integral constants; They can be different for different k.

The general solution for the problem is given by the sum of T}, and 7:

Q Q

T(x,t) = ﬁ(:v — D)’ + ———t+ > A, cos(knz) exp(—rk2t) .
n=0

DCp
The integral constants A,,’s are determined by the initial condition T'(z,t = 0) = 0,
which gives

@
2DK

> A, cos(knx) =

n=0

(x — D).

Since this equation is in the form of the Fourier cosine series expansion for the right
hand side, we can obtain A,’s easily by multiplying the both sides with cos k,,x
and integrating from x = 0 to x = D. Then the left hand side is

o  .D < D1
Z / A, cos k,x cosk,xdr = Z / i{cos(kn + ky)x + cos(k, — km)x}dx
n=0 0 n=0 0

19140 ifm=0
;DAm ifm#0 "’

therefore,
Q /D 2
= — — D)“d
Ao DK Jy & PV
A, = — @ /D(x—D)Qcoskmxd:c (m #0).
D2K Jo
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Example 2. The next example is to solve the equation (4.2) for x > 0 under
the conditions,

Initial condition: T(x,t=0)=0 forz >0
Boundary condition: T'(x =0,t) =0 for ¢t > 0.

For this case, it is convenient to define the Laplace transform in time,

F(z,s) = /Oo e ST (x,t)dt .
0

Then the equation (4.2) is expressed as
PF(x,s) 1 sF(z,s)
W = E[— T(l’,t = 0) +SF(.T,S):| = T,
=0

and the boundary condition is represented by

We can easily obtain the solution:

F(x,s)—:{;oexp (—\/iyc)

Only the exponentially decaying term in x is retained in this solution because the
exponentially growing term is not physically acceptable. It is important to note
here that /s should be treated as a complex function and the branch must be
selected properly. In this case we have to take the branch which gives a positive
real part, namely, Rey/s > 0. For this choice of the branch, the cut runs along the
negative part of the real axis.

The solution is given by the inverse Laplace transformation

1 T
T(x,t) = - /1“ ?Oexp (—\/i . x) eslds |

and this can be estimated as follows.

Suppose the path C as being the closed path which consists of the imaginary
axis, the large semi-circle in the negative real part, the path along the negative
part of the real axis infinitesimally above and below the cut, and the infinitesimally
small circle at the origin. Each part of the path C' is named as C;, i = 1,2,..,6

G,
G
¢ c,
srreeresres e @)
&
r
G
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and C = Cy + Cy + C3 + Cy + Cs 4+ Cg. Since there is no singularities inside the

path C|
1 T
—7{ —Oexp <—\/? . x) estds = 0,
2mi Jo s K

1 T[) S
—_/—exp (—1/-x) eSds ~ ...ds:—/ ..ds.
2mi Jr s K el C14C2+C34+C1+Cs+C

It can be easily shown that the integrals along the large circle Cy and Cg go to

thus

zero when the radius of the paths goes infinite. The integral along the small circle
at the origin Cj is estimated as

1 Ti 1 Ti
— —Oexp (—\/S~x) eStdSN—,j{ —Ods:—To.
2mi Jey s K 2m Jey s
The integral along C5 which runs infinitesimally above the cut is
1 Ti / 1 0 T /
. iexp <_ S'ZB) 6stdszi'/ Oexp(— S.x> estds
2w Jos s K 211 J 0o S K
= 7/ 0 exp (— —s. :U) e *'ds
2miJo s K
—1 [T
= —/ =0 exp (—i 2. m) e *ds,
2t Jo s K
and the integral along C5 which runs infinitesimally below the cut is
1 Ti / 1 =T /
2wt Jos s K 211 Jo S K

1 oo T
= 7/ = exp <—|—Z‘\/8 :L') e Sds.
2wt Jo s K
Therefore we obtain

1 oo T
T(x,t) = To—— 9isin (/2 ) etds
2w Jo s K

(by transferring the integral variable as s = 2%, ds = 2zdz)

— 1 [1 - i/ooo sin \Z/:% eXp(—zZt)dZZ] —T, [1 — erf (2\5/%” .

In the last equation, erfx is the Error Function (O O O O) defined as

fr= 2 [T tar
erffr=— [ e
V7 Jo
and the derivation is left to the readers as an exercise. (not easy!)

Example 3. As the last example, let us consider the equation (4.2) for
—00 < x < oo with the initial condition T'(z,t = 0) = f(x). For this problem, the

Fourier transform in x,

F(k,t) = /dxe_i’””T(x,t),
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is useful. Then eq.(4.2) becomes

l@F(k‘, t)
Kk Ot

—k*F(k,t) =
and the solution for this is
F(k,t) = ¢(k) exp(—rk?t) .

The function ¢(k) is an integral constant that can depend on k. This is determined
by the initial condition as

ok) = F(k,t = 0) = [ dze™" ().
Thus the solution is obtained by the inverse Fourier transform,
1 : 1 o
T(.Cl],t) = %/dkezkx(b(k) eXp(—/il{Z2t) = ﬂ/dk/dxlelkxflkm —kk tf(.ﬁ(f/>

= / da' f (a) Bﬂ / dkei’f@—x’)—“’fﬂ - / da'G(x — o', 1) f ().
= G(x —2',t)

The function G(x — 2/, t) defined by

1 - ) 2
G o t = /dk’ ikrx—ikx' —kk=t
(z —',1) o e

1 (x —a')?
T
is the Green function for the diffusion equation. It should be noted that T'(z,t) =
G(z,t) if the initial condition is given by the delta function f(x) = d6(z), and
that the width of the temperature distribution grows as v/t. The length /st is
sometimes called the Diffusion Length (OO O).

4.5 Wiener-Hopf Method

The Wiener-Hopf Method is a very interesting method, which enable us to
solve a special type of boundary condition problems. The method makes full use
of the complex function theory and may provide us a good exercise to finish the
lecture of the Physical Mathematics 1.

Among a lot of techniques that are employed in the method, the following simple
observation is essential: If we have an equation

with the left hand side L(z) being regular in the lower half plane and the right hand
side U(z) being regular in the upper half plane, then the both of them should be
an entire function M (z) because they are regular in both the lower and the upper
half plane.
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This innocent looking observation often leads us to the rather strong conclusion
that M (z) should be a constant or even zero! This is a simple result of the Liouville
theorem which claims that all the entire functions except constants diverge as |z|
goes to the infinity. In the case where we know from some reasons that L(z) or
U(z) should not diverge as |z| — oo, the function M (z) must be a constant. In
the case where we know from some reasons that L(z) or U(z) should go to zero as
|z| — oo, the constant is zero.

Although the essential part of the method is simple, actual applications are often
very complicated even in the simplest cases. In the following, we will see how the
method goes by taking a simple example.

The problem we will consider is to solve

Pu(z,y) N Pu(z,y)
0x? 0y?

—u(z,y)+1=0 (4.3)

in the upper half plane, or y > 0 and —oco < & < co. The boundary conditions
are given at the infinity and along the x-axis as

u(z,y) =1 asy — oo, Dirichlet condition (4.4)

u(z,0) =0 forx <0,  Dirichlet condition

0

a—u =0 forz>0.  Neumann condition (4.6)
Y =0

The peculiarity for these boundary conditions is that the Dirichlet and the Neu-
mann condition are mixed and the values of w(x,0) for z > 0 and Ju/dy|,—o
for x < 0 are not specified. We suppose that these are represented by unknown
functions U(x) and o(z) and write the conditions (4.5) and (4.6) as

B 0 (x <0)
u(z,0) = { U(x) (z>0) (4.7)
ou o(z) (x <0)
Ayl { 0 (x>0) 49

You may immediately notice that u(x,y) = 1 is a particular solution for the
inhomogeneous equation (4.3), but we will find that another particular solution
u(z,y) = 1 — e”¥ may be more convenient to express a general solution for the
above boundary conditions.

In order to find the general solution for the homogeneous equation of (4.3), we
define the Fourier transform of u(x,y) by

u(k,y) = /dxu(x,y)e_““.
Then the homogeneous equation is written as

*u(k,y)

o (K + 1)k, y)
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and its solution is

a(k,y) = A(k)e VF Y 4 B(k)etVE Ly

where A(k) and B(k) are integral constants for each k. Therefore, the general
solution for the original inhomogeneous equation (4.3) is given by

%A

w(z,y)=1—e¥+ / (;;A(k)e—vk”ly“ku / - B(k)etERTR - (49)

Now we impose the boundary conditions (4.4), (4.7), and (4.8) on the solution
(4.9). We can find easily B(k) = 0 from (4.4). From the boundary condition (4.7),

we obtain

ar ke _{ Ui) (z>0)

thus A(k) is the Fourier transform of the right hand side, or

A

Ak) = U (k) = /0 " daU (z)e e (4.10)

The superscript (+) in U (k) is to emphasize that it is the Fourier transform of
the function which is non-zero only for x > 0. It is very important to realize that
there are no poles or no singularities of U () (k) in the lower half of the complex
k-plane because the integral (4.10) converges for Imk < 0. The last condition (4.8)
gives us
e O U
27 0 (x >0)

from which we obtain
2m0(k) — VE2 + LU (k) = 6 (k). (4.11)
We like to point out that ¢(~)(k) is regular in the upper half plane.

Now we will separate the singularities of eq.(4.11). First of all, the delta function

can be decomposed as

1 7
2md (k) = —
) = e h—ie
by using the formula
1 1 .

where € is an infinitesimally small positive quantity and @ indicates that the prin-
cipal value should be taken when the function is integrated.
Then eq.(4.11) becomes

VR FLOW) - — = 6Oy — (4.12)

—_—— k —ie C k+ie

The right hand side of the equation (4.12) is regular in the upper half plane but
the left hand side is not in the lower half plane because the first term has the
factor v/k? + 1, which has branch points at & = +i.

60



In order to remove the branch point in the lower half plane from the left hand
side, we factorize v k% + 1 as

VE2+1=Vk—i-Vk+i
and divide the both sides by vk + 7, then obtain

~ 1 1 1 l
VR Uk — _ (“(‘)k - ) 41
W e s v W) 09
[ S —

where we can assume the cuts of the square roots run along the imaginary axis
from i to ooi for vk —4 and from —i to —ooi for vk +i. The separation of
singularities has not completed yet because now the second term of the left hand
side has a cut in the lower half plane and a pole in the upper half plane. They can
be, however, separated easily as

1 7 i 1 1 1 1
—— = |-t =,
Vk+1 k—1e k(x/k—i—i \/Z> Vi k —ie
where the first term of the right hand side is regular in the upper half plane and

the second term is regular in the lower half plane.
Thus the separation of singularities is finally completed as

. 1 1 i i1 1
Y/ s e A _ N AL S _1
A A \/k—i—i(U ) k+ie)+k<\/k+i Vi

~

)

= M(k), (4.14)

both sides of which should be equal to an entire function M (k) as we have discussed
at the beginning of this section. From (4.14), we obtain the Wiener-Hopf solutions

O (k) = —\/%{;M_"%H\Z(k)}, (4.15)
GO = kj% k+z{ (\/kl_ﬂ 2)-]\%(1@)}. (4.16)

Now we try to determine the entire function M (k). If we require the solution
u(z,y) be continuous, then U(z) — 0 as x — +0. Since the behavior around
2 = 0 is related to the behavior of the Fourier transform U™ (k) around |k| ~ oo,
the requirement implies

N 1
O (k) ~ o <k> for [k| ~ o0.

From (4.15), this determined M (k) as M(k) = 0 because the Liouville theorem
assures us that all the entire functions but constants diverges as |k| — oo.

Therefore the solutions in the Fourier transform are
. 1 1 )

U = VRV

s(k) = ]H% —VE+ti- (m \2)
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which can be transformed back into the x-space as

Ux) = [0 (k)e* = H(x)erf (V) ,

ool
o(z) = H(—$)[ + erf (\/5)],

]

where H(x) is the Heaviside step function defined by

(1 (x>0
H(x)_{o (x<0)

u(z,y) may be obtained from (4.9).
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