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○ 量子液体 --- シミュレーションする
    方法も確立していない

○ 射影演算子法:
粗視化した方程式を導くのに便利
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○ 運動量の緩和が速い

CMDOK!
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量子液体と電子
1. CMDとは何か

量子液体 電子

○ 量子効果弱い
○ 粒子間の相関強い

○ 量子効果強い
○ 相関弱い
    相関強い          難しい
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○ 量子効果強い
○ 相関弱い
    相関強い          難しい

計算機シミュレーション
平衡系     ---> いくつか方法有り
非平衡系 ---> 確立されていない シュレーディンガー方程式無理

古典系: 分子動力学シミュレーション

yosimori



経路積分モンテカルロ

経路積分 Tr e−βH =
N∏

i=1

∫
Drie

S[{ri(t)}] (1)

S[{ri(t)}] = −
∫ β

0

dτ

h̄

{
N∑

i=1

m

2
ṙi(t)2 + V ({ri(t)})

}
(2)



経路積分モンテカルロ

経路積分 Tr e−βH =
N∏

i=1

∫
Drie

S[{ri(t)}] (1)

S[{ri(t)}] = −
∫ β

0

dτ

h̄

{
N∑

i=1

m

2
ṙi(t)2 + V ({ri(t)})

}
(2)

↓
差分で近似 Tr e−βH ≈

N∏

i=1

∫
dr1

i . . . drM
i eS({rα

i })

S({rα
i }) = −

M∑
α=1

1
h̄

{
N∑

i=1

m

2
(rα+1

i − rα
i )2

∆τ
+ V ({rα

i })∆τ

}

M 個のビーズの輪: ビーズは調和振動子のばねでつながっている。

モンテカルロで計算できる (M →∞で厳密)



セントロイド分子動力学 (CMD)法

モンテカルロシミュレーション −−−−−−−→分子動力学シミュレーション
ri ⇒ rα

i : M 個に増えている −−−−−−−→ 何を力学変数にするか?



セントロイド分子動力学 (CMD)法

モンテカルロシミュレーション −−−−−−−→分子動力学シミュレーション
ri ⇒ rα

i : M 個に増えている −−−−−−−→ 何を力学変数にするか?

セントロイド

r̂c
i ≡

∫ β

0

dτβ−1ri(t) ≈ 1
M

N∑

i=1

rα
i (1)

セントロイド変数をニュートン方程式で動かす。

mr̈c
i = −∂Vc

∂rc
i

(2)

Vc = −kBT ln〈
N∏

i=1

δ(rc
i − r̂c

i )〉 (3)
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FIG. 3. (a),(b) Wave vector dependence of the spectral pa-
rameters. The upper frame depicts the renormalized dispersion
frequencies VQ and the middle frame shows the GQ damping
constants. Experimental results are shown by filled symbols,
open circles with a dot correspond to results from classical
MD simulations, and lozenges are PICMD data. The solid line
in (a) shows a fit of experimental data to a phenomenological
parametrization of the anomalous dispersion (see [4]), and the
dashed line depicts hydrodynamic sound. (c) Phase velocities.
Same symbols as above are used.

classical dynamics does not. Under the classical regime the

anharmonic potential limits the spatial scale of long-lived

excitations down to wave vectors not far from the hydro-

dynamic limit Q ! 1023 Å21. In contrast, our results

prove that well-defined excitations are supported by the

liquid provided that the bare SG interactions are renor-

malized by quantum fluctuations. This leads to an effec-

tive potential which stabilizes the liquid at substantially

lower densities than that of the classical case. Also, the

present findings suggest that the main effect of the quan-

tum degrees of freedom is to extend the spatial range of the

potential leading to an increase of the characteristic corre-

lation length of the liquid. Microscopically, this causes

both real and PICMD liquids to become able to sustain for

times of a few picoseconds, liquid configurations where

particles collectively oscillate with well-defined frequen-

cies. Such residence times, an estimate of which is given

by td are certainly longer than those involved in jumps

into another liquid configuration (i.e., hopping out of the

“cage”) [14]. Taking such values together with the dis-

persion frequencies one finds that the collective excita-

tions satisfy Vtd ¿ 1 which serves to characterize them
as well-defined vibratory motions.

To conclude, the present Letter provides a first experi-

mental confirmation of recent findings on the predictive

capability of PICMD to represent the quantum dynamics

of highly anharmonic systems [15]. While PICMD should

be regarded as exact for harmonic systems, its capability to

treat systems driven by highly anharmonic potentials needs

to be assessed in lieu of the fact that the errors in the cor-

relation functions resulting from such calculational device

grow as the potential becomes more anharmonic [9]. Here

we have shown that the harmoniclike behavior revealed

in experiment is captured by PICMD. This happens be-

cause at the temperatures of interest the centroid dynamics

is determined by the ground and first excited state, and

this leads to a behavior which manifests itself as quasi-

harmonic oscillations which show frequencies determined

by the curvature of the centroid potential at its minimum.

The agreement with experiment is expected to worsen at

higher temperatures where several excited states need to

be accounted and therefore the anharmonicity of the po-

tential is felt more strongly. This in turn provides a way to

characterize the experimental observations as arising from

genuine elementary excitations.
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longer ranged correlations than those portrayed by the

simulations.

A set of spectra of the density correlations [I!Q, v" ~
#rQrQ!v"$] as calculated by PICMD and MD are

compared with experiment in Fig. 2. To perform a

meaningful comparison we have multiplied the calcu-

lated F!Q, t" ! #rQrQ!t"$%N intermediate scattering

functions by the R!Q, t" instrument response functions
so that what are compared are actually the quantities

Scalc!Q, v" ≠ R!Q, v" which are convolutions of the cal-
culated spectra with the experimental frequency windows.

As can be seen from Fig. 2, well-defined excitation

peaks (for v fi 0) are seen for both experiment and
PICMD spectra but are conspicuously absent in spectra

simulated under the full classical regime. The first quali-

tative conclusion is thus that the presence of well-defined

collective density fluctuations for wave vectors up to

0.8 Å21 has to be ascribed to the large quantum effects

FIG. 2. Experimental I!Q, v" spectra (filled symbols) are
shown for selected Q values on the left-hand side. Filled
symbols represent data actually measured, and the solid line
shows the result of the line shape analysis (see text). Dashed
and dot-dashed lines show the (quasi)elastic and inelastic
components of the experimental spectra. The right-hand side
shows simulated spectra. Open symbols are PICMD results and
dashed lines those calculated under the classical approximation.

inherent to the regime of low temperatures and light

masses. Second, the PICMD spectra show peaks at

somewhat higher frequencies than experiment especially

at Q values about the maxima of the “dispersion curve.”

This is understandable on the grounds that the equilibrium

liquid density still is somewhat above experiment as

referred to above. Finally, while no traces of finite-

frequency excitations are found for the classical MD

liquid, the frequencies VQ as determined from maxima

of v2Scalc!Q, v" approach the hydrodynamic limit in a
linear fashion for Q # 0.7 Å21.

To put the comparison into more quantitative grounds

the spectral line shapes were analyzed in terms of a model

for a damped harmonic oscillator Imod!Q, v" ~ &nB!v" 1
1'ZQ&!v2 2 V2

Q"2 1 4v2G2
Q'21 ≠ R!Q, v". The pa-

rameters specifying the spectral shape are the amplitude

ZQ , the linewidth GQ , and the peak frequency VQ , where

the latter is defined as a renormalized quantity V2
Q !

v2
Q 1 G2

Q , with vQ being the bare (interaction-

free) oscillator frequency and, finally, the term with

nB!v" stands for the Bose factor.
The wave vector dependence of the parameters giv-

ing the excitation frequency and its damping constant

(linewidth) is shown in Fig. 3. One sees at a first glance

that the parameters of spectra simulated on classical

grounds deviate largely from experiment in all the ex-

plored Q range. In particular, the damping constant is

well above experiment and VQ approaches the low Q
regime given by the linear, hydrodynamic dispersion

law Vhyd ! cT Q for Q # 0.7 Å21. In contrast, both

experimental and PICMD frequencies are well above the

respective linear laws already for Q * 0.3 Å21. The

upward departure from a linear hydrodynamic law, usually

referred to as anomalous dispersion, is also known from

work [12] on liquid 3He, superfluid 4He, and liquid o-D2,

and is at present understood as a mechanism allowing the

decay of well-defined excitations [13]. Our data conform

to such a view since anomalous dispersion is seen only

in the two cases where finite-frequency excitations are

clearly seen in the spectra. To quantify such departure,

Fig. 3c shows the wave vector dependence of the phase

velocities cph!Q" ! VQ%Q. One sees that the shape of
cph!Q" for the PICMD result comes remarkably close

to experiment. The most glaring disagreements between

PICMD and experiment concern the linewidths above the

maximum of the dispersion curve. A plausible reason to

explain this concerns the fact that at such short scales

the interaction between close enough polymer rings can

cause a departure from the spherical symmetry of the bead

configuration thus degrading the accuracy of the centroid

approximation [11]. Also the fact that the equilibrium

liquid density in the PICMD is some 6% above experiment

should be taken into account.

Finally, it seems worth delving at some considerations

about the explicit mechanisms by which quantum mechan-

ics gives rise to finite-frequency excitations in this an-

harmonic liquid (as attested by its high gG value), while
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tions g(r ) for the CMD and the classical MD. The CMD
result almost agrees with the previous PIMC~Refs. 47, 57!
and CMD ~Refs. 32, 56! results at near temperatures. Here
we mention a controversy about the previous data of liquid
p-H2 . Zoppi et al.57 have indicated that there is a large dif-
ference in static structure factorsS(k) between their PIMC
~Ref. 57! and the CMD by Kinugawa32 and Bermejoet al.41

Thus, they have argued that the CMD result is probably in-
correct. However, this does not mean thatg(r ) in the CMD
is unreliable. In fact,g(r ) in the PIMC ~Ref. 57! and the
CMD ~Refs. 32, 56! agree well with each other. The recent
examination by Bermejoet al. has revealed that such dis-
crepancy inS(k) comes from the cut-off error in the Fourier
transform ofg(r );56 the refinedS(k) data56 is known as a
good description of the liquid structure ofp-H2 measured
recently by the neutron scattering experiment.41 Further dis-
cussion will be provided in a forthcoming report.58

On the other hand, the radial distribution function ob-
tained from the classical MD exhibits an entirely different
distribution. By comparing the CMD and classical MD re-
sults, it is seen that the quantization of the nuclei makes the
intermolecular distance larger and makes the distribution
much broader.

The potential and internal energy of the simulated sys-
tem are also seen in Table I. The kinetic part of the internal
energy in the quantum regime was evaluated by use of the
primitive estimator.28 These values obtained from the CMD

are comparable to those of the experiments and the PIMC,
whereas the classical MD values entirely disagree.

As seen above, both the structural and energetic proper-
ties of liquidp-H2 cannot be reproduced without considering
quantum effect. Therefore the quantization of particles is in-
dispensable for the description of quantum liquids. From the
sufficient reproduction of the experimental static properties
by CMD, the present CMD simulations are expected to pro-
vide reliable results of transport properties as well.

B. Transport properties

The centroid velocity autocorrelation function for the
CMD is shown together with that for the classical MD in
Fig. 2. The CMD result exhibits a more smooth function than
the classical MD. In order to estimate the diffusion coeffi-
cient D using Eq.~10!, these correlation functions were nu-
merically integrated up to 1.5 ps, since they are almost con-
verged to zero att.1.5 ps. The evaluated values ofD are
listed with the other transport properties in Table II. The
diffusion coefficient obtained from the CMD is almost com-
parable to the experimental value. This CMD value is
slightly higher than the previous CMD results because of the
higher temperature. On the other hand, the classical MD
value is much smaller than them. In quantum regime, the
effective centroid potential surface is soften than the classical
bare potential surface by incorporating the path integral av-

FIG. 1. Radial distribution functions of liquidp-H2 at 17 K. The observable
is the pair correlation between the intermediate points of the Feynman paths.FIG. 2. Centroid velocity time correlation functions of liquidp-H2 at 17 K.

TABLE II. Transport properties of liquidp-H2 .

Temperature
~K!

D
(1029 m2 s21)

l
(W m21 K21)

hS

(1025 N sm22)
hB

(1025 N sm22)

CMD ~present work! 16.9~0.7!a 4.7060.03 0.2260.01 1.9560.09 1061
Classical MD~present work! 17.1~0.6!a 1.6760.02 0.3760.01 6.160.3 1.860.5

CMDb 14.7 3.5
CMDc 14 3.5
CMDd 14 3.260.5

Experiments 17 6.15e 0.12f 1.78g

aThe fluctuation of the quantities in the simulations are given in the parentheses.
bReference 32.
cReference 29.
dReference 31.
eReference 59.
fReference 60.
gReference 61.
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問題意識

○ CMDはわりと実験と合う
○ CMDと厳密な量子力学との関係不明

CMDは近似なのか?
          モデルなのか?
どういう時に使えるのか?
実験に合うのはなぜか?
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2. CMDの基礎付け概略

平衡で分かっていること

m
r1

m
r2m

r3 m
r4

m
r5

N 個の粒子系を考える。

N 個の位置ベクトル {ri} = {r1, . . . , rN}
任意の関数 f = f({ri}), g = g({ri})として、

〈f({ri}) · g({ri})〉)c ≈ 〈f({ri})g({ri})〉)CMD (1)

は良く成り立つ ( 平衡系 ) ここで、

〈A ·B〉c =
∫ β

0

dτβ−1〈eτHAe−τHB〉: カノニカル相関 (2)



短時間展開

カノニカル時間相関関数: 〈g · f(t)〉c = 〈g · ei t
h̄ Hfe−i t

h̄ H〉c (3)

を考える。これを CMDで計算できるか。



短時間展開

カノニカル時間相関関数: 〈g · f(t)〉c = 〈g · ei t
h̄ Hfe−i t

h̄ H〉c (3)

を考える。これを CMDで計算できるか。

f(t) = eiLtf として tで展開 (iL ≡ i[H, ·]/h̄)

〈g · f(t)〉c = 〈g · f(0)〉c + t〈g · iLf〉c +
t

2
〈g · (iL)2f〉c +

t

3!
〈g · (iL)3f〉c + · · · (4)



短時間展開

カノニカル時間相関関数: 〈g · f(t)〉c = 〈g · ei t
h̄ Hfe−i t

h̄ H〉c (3)

を考える。これを CMDで計算できるか。

f(t) = eiLtf として tで展開 (iL ≡ i[H, ·]/h̄)

〈g · f(t)〉c = 〈g · f(0)〉c + t〈g · iLf〉c +
t

2
〈g · (iL)2f〉c +

t

3!
〈g · (iL)3f〉c + · · · (4)

↑ ↑ ↑ ↑
{ri}だけの関数 0 {ri}だけの関数 pi が混ざるので

CMDで計算できない
↑ CMDで計算可 ↑



短時間展開

カノニカル時間相関関数: 〈g · f(t)〉c = 〈g · ei t
h̄ Hfe−i t

h̄ H〉c (3)

を考える。これを CMDで計算できるか。

f(t) = eiLtf として tで展開 (iL ≡ i[H, ·]/h̄)

〈g · f(t)〉c = 〈g · f(0)〉c + t〈g · iLf〉c +
t

2
〈g · (iL)2f〉c +

t

3!
〈g · (iL)3f〉c + · · · (4)

↑ ↑ ↑ ↑
{ri}だけの関数 0 {ri}だけの関数 pi が混ざるので

CMDで計算できない
↑ CMDで計算可 ↑

短い時間 t2 まで CMDはあう −−−−−−−→長時間は?



非線型ランジュバン方程式

C(t, {r̄i}, {r̃i}) = 〈
N∏

i=1

δ(ri(t)− r̄i) ·
N∏

i=1

δ(ri(0)− r̃i)〉c として、 (1)

ψ(t) =
∫ N∏

i=1

dr̄i

N∏

i=1

dr̃if({r̄i})g({r̃i})C(t, {r̄i}, {r̃i}) 書くと、 (2)

↓射影演算子法
∂

∂t
C(t, {r̄i}, {r̃i}) =

∫ N∏

i=1

dr̂iM({r̄i}, {r̂i})C(t′, {r̂i}, {r̃i}) (3)

↑
{ri}だけで計算可 CMDOK!

長時間も大丈夫
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射影演算子法

多くの自由度 遅い少数の自由度
取り出す
系統的な方法

ただし、どれが遅いかは仮定

基本方程式をつくる有効な方法

ブラウン運動
水分子も含めた動力学:
水分子すべての位置、運動量(速い)+微粒子の運動(遅い)

微粒子だけの閉じた方程式をつくる



射影演算子

ベクトル A

PA

部分空間

演算子の空間で

{Xµ} = {X1, X2, . . . , Xn}は
正規直交系

ただし、内積 (A ·B) = 〈A ·B〉c
射影演算子

PA =
n∑

µ=1

(A ·Xµ)Xµ

射影演算子 P と Q = 1− P を使って、

A = PA + QA: 2つに分ける↑ ↑
Xµ に 比例
する部分

その他



遅い時間の分離

{Xµ}の時間変化が遅い時 −−−−−−−→ iL = PiL + QiL↑ ↑
Xµ に 比例
遅い

それ以外
速い

遅い運動と速い運動に分ける



遅い時間の分離

{Xµ}の時間変化が遅い時 −−−−−−−→ iL = PiL + QiL↑ ↑
Xµ に 比例
遅い

それ以外
速い

遅い運動と速い運動に分ける

恒等式 Ẋµ(t) = eiLtiLXµ として変形すると、(厳密)

Ẋµ(t) = eiLtPiLXµ +
∫ t

0

dt′eiLt′PiLeQiL(t−t′)QiLXµ + eQiLtQiLXµ



遅い時間の分離

{Xµ}の時間変化が遅い時 −−−−−−−→ iL = PiL + QiL↑ ↑
Xµ に 比例
遅い

それ以外
速い

遅い運動と速い運動に分ける

恒等式 Ẋµ(t) = eiLtiLXµ として変形すると、(厳密)

Ẋµ(t) = eiLtPiLXµ +
∫ t

0

dt′eiLt′PiLeQiL(t−t′)QiLXµ + eQiLtQiLXµ↑ ↑ ↑ ↑
Xµ に比例遅い eQiLt で時間変化速い

=
n∑
ν

iΩµνXν(t) +
n∑
ν

∫ t

0

dt′Mµν(t− t′)Xν(t′) + Rµ(t) (1)

Mµν(t) = (Rµ(t) ·Rν)



Xµに何をとるか?
Aが遅い変数の時

線形 (森 1965)

Aの線型空間に射影

{Xµ} = {A} (1)

A2 とか eA は、NG

非線形 (森・藤坂 1973、川崎 1973)

Aがつくる全ての関数空間に射影

{Xµ} = {A,A2, eA, . . . } (2)

より広い空間



Xµに何をとるか?
Aが遅い変数の時

線形 (森 1965)

Aの線型空間に射影

{Xµ} = {A} (1)

A2 とか eA は、NG

非線形 (森・藤坂 1973、川崎 1973)

Aがつくる全ての関数空間に射影

{Xµ} = {A,A2, eA, . . . } (2)

より広い空間

↓数学的には
{Xµ} = {δ(A− a) : a実数 }

Aの任意関数 f(A)は

f(A) =
∫

f(a)δ(A− a)da

線形結合でかける
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4. 量子液体への応用

射影演算子の定義と一般論の適応

ri: 遅い −−−−−−−→ X({r̂i}) ≡
∏N

i δ(ri − r̂i)として

PA ≡
∫ N∏

i

dr̂i
〈X({r̂i}) ·A〉c
〈X({r̂i})〉 X({r̂i}) (1)



4. 量子液体への応用

射影演算子の定義と一般論の適応

ri: 遅い −−−−−−−→ X({r̂i}) ≡
∏N

i δ(ri − r̂i)として

PA ≡
∫ N∏

i

dr̂i
〈X({r̂i}) ·A〉c
〈X({r̂i})〉 X({r̂i}) (1)

一般論から

Ẋ(t, {r̂i}) =
∫ N∏

i

dr̄iiΩ({r̂i}{r̄i})X(t, {r̄i}) −−→ 0

+
∫ t

0

dt′
∫ N∏

i

dr̄iM(t− t′, {r̂i}{r̄i})X(t′, {r̄i}) + R(t, {r̂i}) (2)

C(t, {r̄i}{r̂i}) = 〈X({r̄i}) ·X(t, {r̂i})〉c,
〈X({r̄i}) ·R(t, {r̂i})〉c = 0



マルコフ近似

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

sgn(1-x)*exp((x-1)*10)
sin(x)*0.4+0.2♦

♦♦♦♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦♦♦♦

♦♦♦♦♦♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦

♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦♦充分緩やか

C(t′, {r̂i}, {r̃i})

M(t− t′, {r̄i}, {r̂i})

ここまでは厳密

運動量の緩和が速い

↓
M(t, {r̄i}, {r̂i}) = M(0, {r̄i}, {r̂i})τδ(t)

∂

∂t
C(t, {r̄i}, {r̃i}) =

τ

2

∫ ∏

l

dr̂iM(0, {r̄i}, {r̂i})C(t, {r̂i}, {r̃i}) (1)

τ は {ri}によらない定数



M(0, {r̄i}, {r̂i}) の計算

カノニカル相関: 〈A · iLB〉c = (ikBT/h̄)〈[A,B]〉から

M(0, {r̄i}, {r̂i}) = 〈R({r̄i}, 0) ·R({r̂i}, 0)〉c (1)

= 〈QiLX({r̄i}) ·QiLX({r̂i})〉c (2)

= 〈iLX({r̄i}) · iLX({r̂i})〉c ←−−−−− PiLX({r̄i}) = 0
(3)

=
ikBT

h̄
〈[ iLX({r̄i})︸ ︷︷ ︸
pi の 1次式

, X({r̂i})]

︸ ︷︷ ︸
pi 含まない
CMDで計算可

〉 (4)



注意とまとめ

CMDはランジュバン方程式を計算して

いるわけではない



注意とまとめ

CMDはランジュバン方程式を計算して

いるわけではない

使った近似 = CMDが成り立つ条件
平衡の条件

〈f({ri})·g({ri})〉)c = 〈f({ri})g({ri})〉)CMD

今回新しい条件

• 運動量の緩和が速い
• マルコフ近似に出てくる時定数が
等しい

τ = τCMD (1)
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結論
5. 結論と議論

量子液体

射影演算子法

最も重要で新しい条件
運動量の緩和速い

☆ 射影演算子法: 物理ではマイナーな方法
粗視化された方程式を導くのに便利

シミュレーションの方法確立されていない

候補: CMD 実験とよく合うが、原因不明

CMDの成立条件導く

yosimori

yosimori



議論 (実験との比較)

1© カノニカル相関 — 証明のカギ

実験はカノニカル相関を測っていない −−−−−→
カノニカル相関に
補正したものが一致
OK!

2© 音波は今回含まれない←−−−−→中性子散乱のピークは音波
↑
運動量含む

⇒ 射影する空間広げる

{Xµ} = {
N∏

i

δ(ri − r̂i),
N∑

i

piδ(r− ri)} (1)




